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ON A UNIQUENESS PROPERTY OF CUSPIDAL UNIPOTENT 

REPRESENTATIONS 

YONGQI FENG AND ERIG OPDAM 


Abstract. The formal degree of a unipotent discrete series character of an absolutely 
almost simple group over a nonarchimedean local field which splits over an unramified 
extension, is a rational function of the cardinality q of the residue field, whose poles 
and zeroes (apart from q = 0) are roots of unity. We prove that the formal degree of a 
cuspidal unipotent representation (in the sense of Lusztig [Lusl, Lus2]) determines its 
Kazhdan-Lusztig-Langlands parameter, up to twisting by weakly unramified charac¬ 
ters. For split exceptional groups this result follows from the work of M. Reeder [R2], 
and for the remaining exceptional cases this was verified in [Fel]. In the present paper 
we treat the classical families. 

A cuspidal unipotent formal degree, normalized appropriately, is the reciprocal of 
a polynomial. For orthogonal and symplectic groups the zeroes of this polynomial are 
roots of unity of even order. We show that this property is very distinctive among 
unipotent formal degrees of general discrete series characters, and we show that if a 
unipotent formal degree has poles or zeroes of odd order, then the root of unity with 
the largest odd order that occurs in this way is a zero of the formal degree. 

The main result of this article characterizes unramified Kazhdan-Lusztig-Langlands 
parameters which support a cuspidal local system in terms of formal degrees. The re¬ 
sult implies the uniqueness of so-called cuspidal spectral transfer maps (as introduced 
in [Op2]) between unipotent affine Hecke algebras (up to twisting by unramified char¬ 
acters). In [Op3] the essential uniqueness of arbitrary unipotent spectral transfer maps 
was reduced to the cuspidal case. 
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1. Introduction 

Let A: be a non-archimedean local field with finite residue field Fq of characteristic p. 
Fix a separable closure of k. Let K <Z k^ he the maximal unramified extension of k. 
The residue field F of iL is an algebraic closure of Fq. There are isomorphisms of Galois 
groups Gal{K/k) ~ Gal(F/Fq) ~ Z, and we may choose as topological generator the 
geometric Frobenius element Prob, whose inverse induces the automorphism x for 

any x € F. Let Ik = Gal{k^/K) be the inertia subgroup of Gal(A:^/A:) and let Wk be the 
Weil group of k. 

1.1. Inner forms. Let G be any connected reductive group over k, with maximal k- 
torus S and Borel subgroup B D S. We will, admittedly unconventionally, denote by 
S the based root datum of the identity component of the dual L-group (see below). 
Hence TH = (X*, Sq , Aq , X*, Sq, A) denotes the based root datum o/S C B C G, where 
X* = X*(S) is the character lattice of S. Put D := X*/Q{Tjq). This is a finitely 
generated abelian group. 

Choose a pinning for the root subgroups of the simple roots for G. This induces a 
splitting of the canonical exact sequence 

1 ^ Int(G) ^ Aut(G) ^ Aut(E^) ^ 1 . 

The natural homomorphism 7 : Gal(A:^/fe) ^ Aut(G) induces in this way an action 
7 qs : Gal(A:*/A:) ^ Aut(G) which is an inner twist of 7 , and such that B is a /c-subgroup 
with respect to 7 qs. In other words, we have defined a reductive group Gqs over k which 
is quasi-split and which is an inner form of G. Let be a complex reductive group, 
with Borel and maximal torus C , such that the based root datum S of 
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C C G'^ is dual to Choose a pinning for the root subgroups of the simple 
roots for G and G'^ , inducing a splitting of the canonical exact sequence 

1 ^ ^ Aut(G^) ^ Aut(S) ^ 1 

as well. We can identify the groups Aut(S) and Aut(S^) canonically, hence 7 qs gives 
rise to an algebraic action 7 ^ of Gal{k^/k) on Choose Gal{k^/k) —?> F ^ 1, a finite 
quotient through which 7 ^ factors. We set ^G := G^ xi F (of course, the relevant notions 
in the theory do not depend on this choice of a finite form of ^G). 

Definition 1.1. For G a connected reductive group over k, we denote by Gqs its quasi¬ 
split inner k-form constructed above. We write G = G{K) for the group of K-points. 
We will write Gad for the adjoint quotient Gad ■= G/Z(G) ofG. IfG is semisimple we 
will write Ggc for the group of simply connected type isogeneous to G; in this semisimple 
case Gsc and G^^ are isogenous to G. 

In what follows we shall assume that G is a connected reductive k-group which splits 
over K. This is equivalent to the assertion that Gqs is unramified. In this situation we 
can take T = {9), the finite group generated by the automorphism 9 of by which Frob 
acts. We recall that the isomorphism classes of A:-rational structures of G which are inner 
forms of G are parameterized by the cohomology set H^{k, G^^). As a consequence of 
the Steinberg vanishing theorem (see e.g. [DeRe, Theorem 2.2.1]), all inner /c-forms of G 
are FC-split. If we denote by F the fc-automorphism of G corresponding to the quasi-split 
action of Frob as constructed above, we have H^{k,Gad) = H^{F,Gad) (where F acts 
on Gad such that Ad(T.a) := F o Ad(a) o F~^). 

A cocycle z G Z^{F,Gad) is completely determined by its image u = z{F) € Gad of 
F, and its cohomology class [z] G H^{F, Gad) is represented by the F-twisted conjugacy 
class [tt] of u. Suppose u G Gad corresponds to an inner A:-form G' of G: in other 
words, the ^-rational structure of G' is determined by the action of the inner twist 
Fu := Ad(tt) o F G Aut(G) of the A:-automorphism F on G. We will denote this A-form 
of G by G“. 

Unless stated otherwise, we will assume that G = Gqs (and thus G = Gqs). With 
this choice, the quasi-split Fform Gqg corresponds to the privileged element in H^{F, G) 
such that [tt] = [ 1 ]. 

Remark 1.2. Observe that any g & G induces a k-isomorphism 

Ad{g) : G“ ^ G^™ 

where Fg^u is obtained by twisting the Frobenius by g * u := guF{g)~^. Therefore, 
the k-isomorphism class of G^“ depends only on the F-twisted conjugacy class [tt] of u 
(corresponding to a unique element [z] G H^{F,G)). 

Vogan [Vog] introduced the notion of pure inner forms, and formulated refined ver¬ 
sions of the local Langlands conjectures in terms of these inner forms. The pure inner 
forms of G correspond to cocycles 2 : G Z^{F,G), while the equivalence classes of pure 
inner forms of G are parameterized by the cohomology set H^{F,G). We remark that 
the natural map H^{F,G) H^{F,Gad) is in general neither injective nor surjective; 
therefore, not all inner forms of G are pure in general, and inequivalent pure inner forms 
may define equivalent inner forms. As before, every cocycle 2 ; G Z^(F, G) is determined 
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by its image z{F) € G of the Frobenius element, and the equivalence classes of inner 
forms are parameterized by the F-twisted conjugacy classes of elements of G so obtained. 

1.2. The relative root datum. Let Wq be the relative Weyl group of G = Gqg with 

respect to the maximal /c-split subtorus {S^)° C S. Following [Spr, Sections 15.3.6- 
15.3.8] we define the relative root datum TZ^s = {Xqg, Fqs,Yqs, Fqs) for {G^,S^). Set 
F = R (8) X*. The restriction map of characters of S to {S^)° induces an orthogonal 
projection (with respect to a suitable VFo(So inner product) 11 : F ^ F®. Let 

Fqs := X*{{S^)°) be the character lattice of then Ygg := n(X*) = n(X*(S')) C 

F®. Moreover n(SQ) C Fjs is an integral, but possibly non-reduced root system. The 
root system Rq is defined to be the set of not multipliable elements of the n(Sg ) (hence 
Rq is reduced). Then Fqg is contained in the weight lattice P{Rq) of Rq. The dual 
lattice is Xqg = X*(S')^ = X*’^. We introduce Rq C Xqg as the set of co-roots of Rq, 
and there exists a unique base of the relative root system Rq of Gqg such that the 
projection of the cone spanned by Aq is the cone spanned by F^^. We have thus defined 
a based root datum Fqs = (Xqg, Fqs, Fqs, F^). 

This based affine root datum Fqs underlies the extended affine Iwahori-Matsumoto 
Hecke algebra with respect to the Iwahori subgroup Bqs C Gqg. Let T be the 
complex torus whose cocharacter lattice is the lattice Fqs := X*((S'^)°). Then Xgg = 
X*{T) and we have T = /{I — 6){S^). The latter quotient is canonically in bijection 

with the set of semisimple conjugacy classes of ^G = G^ xi (9) (cf. [Bo, Section 6]). 
On the other hand, let be the centre of Then the spectrum of Z^^ can be 

identihed with the quotient Wq\T. Hence we have shown that we can identify the set of 
semisimple conjugalcy classes of ^G canonically with 

1.3. Unipotent types. We keep our notations. Since G is unramihed, by [BT, 5.1.10] 
there exist a maximal F-split fc-torus S C G which is maximally fc-split. Fix such a 
torus S. In the Bruhat-Tits building of G there exists an F^-stable apartment A, which, 
as an affine space, is isomorphic to R(8)X*(S). Denote by So = G^(8)X*(S') the maximal 
bounded subgroup of S, we have X*(S') ~ S/Sq as abelian groups. The extended affine 
Weyl group IF is defined to be the quotient Ng{S)/S o- 

Kottwitz [Kotl] introduced the following exact sequence 

(1.1) l^Gi ^G^Hom(Z^,C^)^l, 

with the centre of G^. This exact sequence yields 

(1.2) 1 ^ Gf“ ^ G^'^ 1. 

It can be shown that the group Gi = {So, G^er) is generated by So and by the derived 
group Gder of G (see [Op3, Corollary 2.2]). 

There exists an F^-stable alcove G in ^ (see e.g. [Tits]). A (F„-stable) standard 
parahoric subgroup of G is a subgroup of the form StabG(Fp) n Gi, where Fp C G 
is a (F^-stable) facet of G. A parahoric subgroup P of G is a subgroup conjugate to 
the standard parahoric subgroup. Also we defined B = StabG(G) fl Gi and call B the 
standard Iwahori subgroup of G. By [PR, Proposition 3 in appendix] these definitions 
are equivalent to the original definition in [BT]. Let P+ be the pro-p-radical of P. The 
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reductive quotient P := P/P_|_ is a reductive finite group of Lie type, whose Dynkin 
diagram is a subdiagram of the affine Dynkin diagram of the root system Sq of G. 

Let Dc < kL be the subgroup which leaves the alcove C stable. Then Q.c = A^g(®)/®- 
Elements of Dg can be interpreted as special automorphisms (cf. [Lusl, 1-11]) of the affine 
diagram associated with the choice of C. This allows a semi-direct product decomposi¬ 
tion W = kE“ XI Dg as a normal subgroup kE“ (which is an affine Coxeter group) with 
Dg, and gives rise to an isomorphism D = Dg- 

A (maximal) unipotent type of is a triple (u,P, u) where u € Dad indicates the k- 
rational structure of G determined by P is a (maximal) E„-stable parahoric subgroup 

_ jp 

of G, and u is a cuspidal unipotent representation of P “ (See §12.1 of [Car]). Here we 
lift (T to a representation of P'^“ (also denoted a) via the natural projection P^“ —>■ PD^. 
Following Lusztig [Lusl, 1.21], we say an irreducible smooth representation tt of 
is unipotent, if there exists a unipotent type (tt,P, u) of G, such that the P+-invariants 
of the restriction of vr to P contains a. The irreducible unipotent representations cor¬ 
responding to a unipotent type (tt,P, u) exhaust finitely many Bernstein components 
which are all of the same dimension, equal to the dimension of the center of the minimal 
Levi group of containing P^“ ([Lusl, Lus2, Mo]). By [Lusl, paragraph 1.6] the 
sets of irreducible unipotent representations associated to unipotent types {u, P, a) and 
(u,P',(t') respectively are either disjoint or equal; the latter case arises if and only if 
(u,P, (t) ~ (u,P',(t') (i.e. are -conjugate). 

Definition 1.3. We denote by T'^{G,u) the finite set of G^'^ -conjugacy classes of unipo¬ 
tent types ofG'^, and by 'T^'^{G,u) the set of G^'^ -conjugacy classes of unipotent types 
of such that P'^“ is a maximal parahoric subgroup of . 

We denote by U{G,u) the set of irreducible cuspidal unipotent characters of G^^, 
and by U{G) the disjoint union of the sets U{G,u) where u runs over a complete set of 
representatives of the equivalence classes of inner twists of F. We denote byU‘^{G,u) and 
W^{G) the (finite) sets of irreducible discrete series inU{G,u) andU{G) respectively, 
and by U^{G,u) C U'^{G,u) and IA'^{G) C IJ‘^{G) the sets of irreducible supercuspidal 
representations inU{G,u) andU{G) respectively. 

Lusztig’s disjointness result [Lusl, paragraph 1.6] allows us to define a canonical sur¬ 
jective map (called the parahoric support) ps : U{G,u) — T'^{G,u). 

If {u, P, a) is maximal, the compact induced representation c-Indpir“ u is a finite direct 
sum of irreducible supercuspidal representations. Hence these irreducible summands are 
in U^{G,u), and all elements of hl^{G,u) are obtained in such manner. The characteri¬ 
zation and study of the sets U^lfG, u) is the main subject of this paper. 

1.4. The group of weakly unramified characters. From here onward we will as¬ 
sume in addition that G is absolutely almost simple. Recall that the canonical action 
of Frob on the based root datum of G'^ is denoted by 9. The corresponding (alge¬ 
braic) automorphisms of G'^, B'^, and D are also denoted by 9. We have canonical 

isomorphisms 


Hom(Z^,C'') ^ D; Hom(Z(^G), O'") ^ D/(l - 0)D. 
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Using these identifications, Kottwitz’s isomorphism theorem [Kot, Theorem 1.2], [DeRe] 
can be formulated by saying that the cohomology set H^{F,G) is in natural bijection 
with the abelian group 0/(1 — 9)Q. In particular, up to coboundaries we can always 
realize cocycles in Z^{F,G) such that u = z{F) € O. 

We denote OP the elements of 0 commute with 9. In the present situation OP = 
X *'^= ^(\s/Q{Ro)i and thus only depends on the relative root datum TZqs- 
Indeed, it is well known that the elements of 0 are in canonical bijection with the set 
(7 n X* by mapping w G 0 to a;(0) G C n X*. This maps OP to [C fl X*Y, hence 
every element of 0^ can be represented by a 0-invariant element of X*. If X* equals 
the weight lattice T’(So) of Sq, it is an easy check to see that Xqs = P(So)® equals the 
weight lattice P{Rm) of the root system Rm introduced in [Op2, Definition 2.10] for the 
Hecke algebra We denote this maximal group P{Rm)/Q{Ro) of special diagram 

automorphisms of the affine Dynkin diagram of by This case corresponds 

to the group Gad of adjoint type isogenous to G. Fix an T^-stable Iwahori subgroup B 
of G so that 

An important role is played by the groups X*j,(G) and of (weakly) unram¬ 

ified complex characters of G and of = G(A:) respectively. These are finite abelian 
groups (since we have assumed that G is almost simple). There is a natural identification 
of X*j.(G^“) and X*j.(Gqs(A:)). One also has a natural identification of X*j,(G^“) with 
D* by the restriction map to Xg'(B). Similarly, by restriction to iVQF„(B^“) we have a 
canonical isomorphism X*j.(G^“) = (0®)*, where (0®)* denotes the Pontryagin dual of 
QP . Combining with the short exact sequence (1.2) of Kottwitz, we conclude that the 
group Gi is the simultaneous kernel of all the unramified complex characters of G. 

The group (D®)* acts on the set of unipotent characters of by tensoring. This 
action is compatible with the action of this group on the Iwahori Hecke algebra P}^ by 
algebra automorphisms (recall that = rP^>°- x D® is a crossed product algebra of an 
affine Hecke algebra by D®). In terms of the relative root datum T^qs, we can write 

X*,(Gqs(/c)) ~ (Xqs/Qqs)* C Observe that (Xqs/Qqs)* = (P^g/Tqs) canonically. 


1.5. The action of OP^^ on T^{G^u). The set T'^{G,u) (with u G NQ^j^(Ead) and 
uV>ad := cu G Darf) carries a natural action of 0®^. 

From the viewpoint of combinatorics, this can be understood by interpreting as 
an abelian group of 0-invariant special diagram automorphisms on the affine Dynkin 
diagram of (Sq)(^\ The set of -conjugacy classes of T^-stable parahoric subgroups is 
in natural bijection with the set of {oj o 0)-invariant subsets of (Eg )*^^). This action of 
OP^d the set of conjugacy classes of can be enhanced to an action on T“(G, u), as will 
be explained below. 

Observe that for an Tu-stable standard parahoric subgroup P of Gsc-, and x G ^ad-, the 
standard parahoric x(P) is -invariant, where u and u' are cohomologous 1-cocycles. 
We have u = u' li and only if x G 
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Let us understand that above action of on the set of G“-conjugacy classes of Fu- 
stable parahoic subgroups on a more conceptual level. This will also explain the extension 
of the action on T'^{G,u). We use the group Gi (cf. (1.1)) in this construction. 

Proposition 1.4. The derived group G'^{k)deT ofG'^{k) = is the image of the simply 
connected covering map if : Gsc{k) G{k). Moreover G“(A;)/G“(A:)der = TlP ®k'^. We 
have 

(1.3) G(-= {i:{Gsc{k)),S{Ok)). 

Proof. This is a variation of [Op3, Proposition 2.1, Corollary 2.2]. Since a semisimple 
group over k of simply connected type is equal to its own derived group, G“(A;)der 
contains the image of the simply connected covering map if : Gf^{k) G'^{k). Applying 
the long exact sequence in nonabelian cohomology to the central isogeny —>■ G“ 

and using that H^{k,Gf^) = 1, the equality follows. The cokernel G^{k)/G'^{k)der is 
computed as in [Op3]. Using this, we can transpose the proof of [Op3, Corollary 2.2] 
to the current case verbatim to prove the remaining assertions (observing that [PR, 
Proposition 3 in appendix] implies that ]B^“ = Fix(C')'^“ C Gf“). □ 

As was remarked in appendix of [PR], the normal subgroup <1 G'^{k) is generated 
by all parahoric subgroups of G^{k), and in particular every parahoric subgroup of 
is contained in G^ . 

There is a bijective correspondence between the set of parahoric subgroups of Gf^ and 
of by taking the if-inveise image of a parahoric subgroup of G^'^{k.). The inverse 
map is defined by sending a parahoric of to the normalizer (V^(P^“)) of 

. 0 (pE’„) (Indeed, this normalizer is a parahoric subgroup of by a straight¬ 

forward application of the main result of the appendix of [PR]). In particular, we may 
identify the sets V'^{Gscjy) and V'^{G,u) of T^-stable parahoric subgroups of Gsc and G 
respectively, since both sets are in natural bijection with the set of T^-stable facets of 
the Bruhat-Tits building of Gad (cf- appendix of [PR]). 

Let us now explain the action of U® on the set V(Gsc,u) of G^“-conjugacy classes in 
in V’^{Gsc,u). First of all. Gad can be viewed as the group of inner automorphisms of 
Gsc via the adjoint action. Hence via the central isogeny G — Gad, G also acts on G^c 
by inner automorphisms. However, by (1.1) we see that the adjoint action of G on Gsc 
has an outer component in general, and similarly for the adjoint action of on 
by (1.2). Clearly G^^ acts on P^{G,u) by inner automorphisms, and the orbit space of 
this action is equal to V{G, u). We can identify V'^{G, u) via the above natural bijection 
to V'^{Gsc,u), which comes equipped with the inner action by G^. It follows from the 
construction of the bijection and (1.3) that the set V{G,u) can be naturally identified 
with the set of Gf“-orbits in V'^{Gsc,u)- Therefore the quotient G^'“/(Gf“) = acts 
on V{Gsc,u), and the orbit space V{G,u) = Q^j\V{Gsc,u) is the set of G^^-conjugacy 
classes of T^-stable parahorics of G. In particular, acts on V{G, u) = Q^^\P{Gsc, u), 
with quotient isomorphic to V{Gad,'u)- 

Using well known properties of unipotent characters we may extend these actions to 
actions on the sets of conjugacy classes of unipotent types. For example, let us consider 
the action of OP on T'^{Gsc, u). We first remark that if P^c £ F'^iGsc, u) and P G V'^{G, u) 
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correspond to each other, then the sets of cuspidal unipotent representations of P^c and 
of P are in canonical bijection. Indeed, in view of the construction of the bijection, 
this statement reduces to the well known fact that the set of unipotent representation 
of a connected reductive group G defined over the residue field of k is independent of 

the type of G within its isogeny class (cf. [Lus] or [Car, Section 12.1]). It is also well 

__ 

known that a cuspidal unipotent character of a finite group of Lie type P with P 
defined over Fq, is invariant for twisting by any automorphism of P defined over Fq 
(cf. [Lusl, Paragraph 1.9]). These facts imply in the above situation that the action of 
QP on V{Gsc-,u) by conjugation extends in a trivial way to an action of on the sets 
T'^{Gsc,u) and T’^'^{Gsc,u). Observe that by the above result of Lusztig, the action of 
the isotropy group C of the conjugacy class [Psc] of P^c on the set of cuspidal 
unipotent characters of P,,.. is trivial, for all P G VHG, u). Similarly for the action of Gl^^ 
on T^{G,u) and T^^{G,u). 

Since is abelian, the isotropy group Gi^^ of [P] € V{G,u) is the same for all 
parahorics in the same H^^-orbits. Hence we can also canonically attach this isotropy 
group to the orbit H^rfiP] G V{Gad,u)- 

1.6. Cuspidal unipotent representations. The set U‘^{G,u) (see Definition 1.3) is 
naturally partitioned in subsets Vk^{G,u,F,a) via the parahoric support map ps. The 
fibre ps“^(u,s) := U^{G,u,F,a) consists of the set of equivalence classes of the direct 
summands of the representation c-Indp^^ (a), where (P, a) is a maximal F„-stable unipo¬ 
tent type of and where s = [(P, u)] G T™^{G,u) denotes the conjugacy class of this 
unipotent type. Since U'^{G,u,F,a) only depends on (u,s) we may and will sometimes 
write U^{G, u, s) instead of U^{G^ u, P, a). In this cuspidal case, we have an isomorphism 


(cf. [Lusl]) 






:= EndG'F„(c 

-Ind«;: a) c. C[L!P’% 

where = 

-- Gl^ n Gll’^. Thus 

we have 


(1.4) 

W{G) = 

U ( 

□ WiG,u,5) 


[ 


^ser“'^(G,n) 

with 




(1.5) 

UyG,u,5) 

= W{G,u,F, 

a) ~ Irr(H^’®) = {Gl^' 


We remark that, similar to the discussion in the previous paragraph, T^^'^{G,u) ~ 
D^\7~™“(Gsc, ■«)• Hence the action of on T^'^{G,u) factors through an action of 
Gl^d/^^- Observe that the elements of X*^{G^^) are trivial on any parahoric subgroup 
of (since these are contained in G'f'“). Hence the fibres ps“^(tt,s) are stable for tak¬ 
ing tensor products with weakly unramified characters. The action is the obvious one 
on the above parameterisation of the fibre: We have ps“^(u,5) = (H'^’®)* and (H'*”’®)* 
is a quotient of the group X*j.(G^“) = (H^)* (via restriction). Taking tensor products 
corresponds to the multiplication action of X*j,(G^“) on via the quotient map, 

which is transitive with isotropy group {Gl^/Gl^’^)* C X*j.(G^“). 

Hence we see from the above decompositions on a combinatorial level that U^{G) 
carries an action of the abelian group (H^)* x (D^^/H^), whose set of orbits is naturally 
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parameterized by the set 

(1.6) T^'^{Gad)-.= U T^'^{Gad,u) 

[u]Gm{k,G,a) 

Let us turn to the structure of the endomorphism algebra End^F^ (c-IndpF^ cr) for an 
arbitrary E„-stable parahoric subgroup P (not necessary maximal). Again this endomor¬ 
phism algebra is isomorphic to the (P^“, cr)-spherical Hecke algebra which can 

be decomposed into a direct sum of two-sided ideals which are mutually isomorphic 
extended affine Hecke algebras (see [Lusl]). The two-sided ideals are parameterized 
by characters ■0 of a certain subgroup C defined as follows. We have 

^ y^{u,F,a),a ^ 

where jg isomorphic to a fixed unextended affine Hecke algebra associated 

with a Coxeter system and a parameter function, which are all defined in terms of the 
unipotent type (u,P, u). 

The subgroup can be described as follows. Suppose P is the stablizer of some 
E^-orbit of facets Fp in the fundamental alcove G. Let C be the subgroup 
of elements which pointwise fix the set of E„-orbits of vertices of G not in Ep. And let 
:= be the quotient. It follows that ([Lusl]) 

(1.8) ^ ^ L[Llf 0 

where L = C[u, and _ .^(n,p,o-),a ^ -g extended affine Hecke algebra. 

This yields the decomposition in terms of two-sided ideals TF^ as announced above. 

1.7. Discrete unramified Langlands parameters. Recall that an unramified local 
Langlands parameter for G is a homomorphism 

(1.9) A : (Frob) x SL 2 (C) ^ ^G 

such that A (Frob x id) = s6 with s G G^ semisimple and A is algebraic on the SL 2 (C)- 
factor. We call A discrete if Ggv(A) is a finite group. 

We will denote the set of all unramified local Langlands parameters of G by A“^^(G), 
and by A'^“^^(G) the set of all discrete unramihed local Langlands parameters of G. Given 
A € A'^“^P(G) we denote by [A] its orbit in A'^“^p(G) for the action of G^ by conjugation. 
We will write A'^“^p(G) for the set of orbits [A] in A‘^“^^(G). 

The group of weakly unramihed complex characters A*j,(G^“) = (Q^)* of G^“ acts 
naturally on A'^“^p(G) (cf. [Bo, 8.5]), and it acts on the set of irreducible characters of 
G^“ by taking tensor products. The local Langlands correspondence is expected the be 
equivariant for these actions [Bo, 10.2]. We remark that a central isogeny Gi ^ G 2 of 
unramihed semisimple groups dehned over k induces a covering map ^G 2 —^Gi which 
induces a surjective “functorial map” 

A“^p(G2) -a A“'p(Gi) 

with hnite hbres such that the inverse image of A‘^“^p(Gi) is A'^“^p(G 2 ) (the lifting of 
unramihed local Langlands parameters is always possible because Wk/Ik is inhnite cyclic, 
and SL 2 is simply connected; and the second assertion is obvious). 
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Since is the central subgroup of the torus T = Hom(Xqg, C^) = Hom(X*’®, C^), 
the orbits of = Xqs/Q{Ro) on are the fibres of the functorial map 

\duip^Q'j {Gsc)■ We denote by [A^c] = (A1^)*[A] the image of [A] under this 

map, and by [Aad] € K^'^^P{Gad) a lifting of A in K<^'^^P{Gad)- The isotropy subgroup of 
\ad with respect to the action of the group depends on A^c- 

1.8. Formal degrees, residues of ^-functions, and adjoint gamma factors. We 

normalize the Haar measure on the locally compact group as in [Op3, paragraph 

2 . 2 . 2 ]. 

Given a discrete series character vr of and this normalization of Haar measures, one 
assigns a positive rational number fdegQu(;j)( 7 r). In the case of a unipotent discrete series 
character tt € W^{G,u), this rational number can be upgraded to a rational function 
fdeg( 7 r) of an indeterminate v such that fdegQu(;j)( 7 r) = fdeg( 7 r)(q^/^). Here is the 
construction: Given vr with ps( 7 r) = s = (P, cr), the space 14 ^ := Homp(cT, 14-) realizes 
an irreducible discrete series representation 6.,^ ai v = v = of the normalized Hecke 
algebra Ti := as discussed in the text around (1.7) (which is defined over the 

ring L = C[u,i;“^]). It is known by [BKH] that fdeggu(fc)( 7 r) = fdeg-^^( 7 r). The right 
hand side of this equation has a natural extension as a rational function in v with 
rational coefficients (the “generic formal degree” of [OS, Theorem 5.12], restricted to 
the parameter line corresponding to 

We can make this more precise using some additional notation. Let K denote the 
field of rational functions in v with complex coefficients, and let M' be the subgroup of 
generated by Q^, by {v — v~^) and by the g-integers [n]q := ■ Note that for 

all d € M' we have (i(v~^) = ±d(v) . Now let M C be the subgroup such that 

M = {d € M' I d(v) > 0 if V > 1}. 

Observe that M is a free abelian group. 

Proposition 1.5. (See [OS, Theorem 5.12], [Op2, Theorem 4.8]J. The formal degree 
fdeg( 7 r) is an element of the free abelian group M. 

Given an element / G M, we denote by fq (the ”g-rational part”) the rational expres¬ 
sion obtained by deleting all rational prime factors in the numerator and the denominator 
of /. 

It was conjectured [HH, Gonjecture 1.4] (also see [GR, Conjecture 7.1]) that the local 
Langlands correspondence for G has the following property regarding formal degrees. 
We normalize the Haar measures of and as explained in [DeRe] (also see 
[Op3]). Let TT be an irreducible admissible discrete series character of and let A 
denote the corresponding local Langlands parameter. Then A should be a discrete local 
Langlands parameter for G, and the formal degree fdeg( 7 r) of tt should be equal to a 
certain rational number c.^ independent of q times the adjoint gamma factor 7 (A) of the 
discrete Langlands parameter A. It is easy to see that 7 (A) G M. Hence this conjecture 
states that one should have (in view of our normalization of Haar measures): 

(1.10) fdeg(7r) = c,rU“‘^™^^^ 7 (A) 
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The set of equivalence classes of discrete unramified local Langlands parameters 

of G is in canonical bijection with the set ResL('7^qs) Riqs) of Weyl group orbits of so- 
called residual points of the generic Iwahori-Matsumoto Hecke algebra associated 
to the quasi-split form of G, see [Opl, OS] and [Op3, Section 2.3] (where L = C[u^^], 
with = g, and mqg denotes the parameter function on TZqs associated to As 

discussed in [Op3, Section 4.6], if [A] G A'^“*p(G) corresponds to such an orbit of residual 
points Wqt with r G T'(L) = Hom(Arqs,L^), then 

(1.11) 7,(A) = ±u<'“('')/rW(r), 

where denotes the g-rational factor of the “residue” of the //-function of T-L™ at 

r. Therefore, in the language of [Op2], (1.10) is equivalent to the existence of a cuspidal 
spectral transfer morphism T-i™ with image Wor. Here ~ L is a 

direct summand of ~ L[0'^’®] associated to an extension d of a to A^gF„(P). In 

[Op3, Theorem 3.4] such existence result for STMs was proved, not only for cuspidal 
unipotent affine Hecke algebras but in general. The existence aspect of [Op3, Theorem 
3.4], i.e. the existence of STMs ^.^^{Gqs) for unipotent affine Hecke 

algebras [Op3, Theorem 3.4] leads to a proof of (1.10) for all unipotent discrete series 
representations (see [Op3, Theorem 4.11]). 

The uniqueness aspect of [Op3, Theorem 3.4] is the general assertion that STMs of 
the form tt) (Gqs) are unique up to diagram automorphisms. It was 

shown in [Op3, Paragraph 3.2.8] that this uniqueness aspect reduces to the cuspidal 
case, and proving this cuspidal case is the main goal of the present paper (cf. [Op3, 
Proposition 3.8]). Our main theorem Theorem 1.6(a) precisely states this remarkable 
uniqueness result: For vr G U‘^{G,u), the equation 

(1.12) fdegg(7r) = 7g(A) 

with A G A^“^P(G) has a unique (0^)*-orbit of solutions. We remark that for a given 
maximal unipotent pair (P, cr), all members of u, P, u) ~ have the same 

formal degree. 

The proof of this uniqueness result for solutions of (1.12) is far from being easy, 
especially for the classical cases. For exceptional groups, the proof is a relatively easy case 
by case verification which was done by Reeder [R2] for split groups, and the remaining 
exceptional cases were treated in [Fel]. The proof for classical cases is in the present 
paper, and uses the existence of STMs [Op3, Theorem 3.4] as one of the major tools. In 
particular, for even orthogonal and symplectic groups the so-called extra-special STMs 
[Op3, Paragraph 3.2.6] turn out to be of crucial importance to heavily cut down the 
list of potential solutions of (1.12). In view of the main role of these extra-special 
STMs we have included an extensive description of their action on residual points (the 
“extraspecial algorithm”) in Section 4. 

The remaining parts of Theorem 1.6 of our main theorem give some intriguing addi¬ 
tional observations which we came across in our case-by-case considerations. It describes 
a relation between the isotropy group of the action of on a cuspidal unipotent type 
Ssc of Gsc and the action of (II®)* on a corresponding discrete unipotent Langlands pa¬ 
rameter A such that its orbit Xsc = (n®)*A is the unique solution of (1.12) for any it 
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with ps(7r) = 5 = ri^Ssc := (P,<7)- It also expresses the number of cuspidal unipotent 
representations a supported by P (which is a fundamental aspect of the representation 
theory of the finite group P^’^) of Lie type in terms the Langlands parameter A. 

1.9. Statement of the main result. We are ready to formulate our main result. We 
start by recalling the notations. 

Let G be a connected absolutely almost simple group, defined and unramified over 
a nonarchimedean local field k. Write G = G{K) and denote by F the action of Frob 
on G. Let Gad = G/Z{G) denote the adjoint form of G. For u G Qad we denote 
by Fu := Ad(u) o F the action of Frob on G corresponding to an inner form of G 
denoted by G“. Let (u,P, u) be a maximal F^-stable unipotent type of Recall 
the set of G^-conjugacy classes of discrete unramified Langlands parameters 

of G. We define a subset \<iuipcud^Q^ q£ Xduip^Q'j follows: [A] G \duipcud(^Q^ j£ 
there exists a cuspidal unipotent representation vr of an inner form G“ of G for which 
7 g(A) = fdegq(7r). Define 

J^dulpcud u J^dulpcud(^Q^ [u]) 

[n]eOad/(l— 

to be the set of equivalence classes of discrete unramified Langlands parameters with 
cuspidal unipotent degree. 

Theorem 1.6. (a) For all cuspidal unipotent representations vr G W{G,u,¥,a), 

there exists a unique {Q^)*-orbit [Age] := G = A‘^'^'‘P{Gsc) 

of elements A G A'^“^p(G) such that 

(1.13) fdeg,(7r) = -fq{X). 

(b) The assignment [u, [P, cr]) i-A [A^c] ^ (a) determines a canonical surjection from 

T™'^{G,u) (cf. (1.6)J to [^^])- The fibre over [A^c] consists of all 

cuspidal unipotent types s' such that s' = ps(7r') G T’^'^{G,u) for some solution 
vr' G W{G,u) of (1.13). For any s' = [P'jct'] in the fibre we have 

(1-14) [Pad] := Kd/^^)m = A/n^)[r] =-. [p'j 

(c) If [A] G [u]) is such that [A^c] = (II^)*[A] is the image of [P, ct] G 

T^““(G, m) in the surjection of (b), then the isotropy group of [X] in (D®)*, de¬ 
noted by (D®)p^j, contains the group {0.^, where is the isotropy group 

in D® of the unique Fu-stable maximal parahoric group P^c of Gf^ corresponding 
to P. 

(d) Assume that [A] G A‘^“^p™'^(G, [u]) and [P, u] G T'^'^{G,u) are related as in (c). 
Let s = A(Prob, (g i)) be the corresponding torsion point. Let Vg denote the node 
of the Kac diagram corresponding to Wqs (see [R3]j. Let Ug be the coefficient 
of the node Vg in the Kac diagram (see the list in Kac’s book [Kac]J. Put g = 
|(D^)*^j : (D®/D^’®)*| (which makes sense by (c)) and g' = \Ll^adl^ad • 
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Following Lusztig [Lusl, Lus2], let a be the number of [A]' € [«]) 

satisfying (1-13) (with it fixed), let b be the number of cuspidal local systems sup¬ 
ported by [A] corresponding to solutions tt € U‘^{G,u) of (1-13) (with A fixed). Let 
a' be times the number of conjugacy classes of Fu-stable maximal parahoric 

subgroups P' C such that there exists a solution tt' G W{G,u) of (1.13) (with 
A fixed) satisfying ps(7r') = [(P',(j')] for some cuspidal unipotent representation 
a' ofF', and finally let b' be the number of cuspidal unipotent representations a' 
o/P such that deg((T') = deg(iT). Then 

(i) b' = (p{ns), where 4> denotes Euler’s totient function. In particular, 4>{ns) 
is identically equal to 1 for groups isogeneous to classical groups, thus for 
those groups the assignment in (b) is bijective. 

(ii) We have ab = a'b', which is equal to the total number of tt ^ U^{G,u) 
satisfying (1.13) (with X fixed). 

(iii) If G = Gad, then a,b are equal to Lusztig’s “geometric a,b”, and a',b' are 
equal to Lusztig’s “arithmetic a',b' ” (cf. [Lusljj. 

(iv) It follows from (a), (b) and (c) that: a = |(fl®)* : (ri^)p^j|, a' = and 

thus we find easily that b = gg'fitjis). 

In particular, because of (c), there exists an essentially unique {OP)*-equivariant 
bijection between W{G) and the set of cuspidal local systems supported by the 
orbits in Ifi-uipcud^Q^ which is compatible with the surjection in (b), up to choosing 
an extension of each a from P to Ng{F), which fixes the bijections W{G, u, P, a) ~ 
Irr(llP’®). 

Some remarks are in order. 

Remark 1.7. The main point of Theorem 1.6(d) is (i), since the other assertions follow 
in a straightforward way from parts (a), (b) and (c) of Theorem 1.6. For the proof of 
Theorem 1.6 it is easy to see that it is enough to consider G of adjoint type. For the 
exceptional split adjoint groups, Reeder’s work [R2] proves Theorem 1.6 except part (d), 
but part (d) follows easily from Lusztig [Lusl] (The crucial identity (i) in (d) can he 
checked by the table in §7 loc.cit. .) For non-split but quasi-split groups, see [Fel, Fe2]. 
In conclusion, to complete the proof of Theorem 1.6 it is enough to verify Theorem 1.6 
(a), (b), (c) and (i) of (d) for the adjoint groups of the various classical families. This 
is the task we will perform in the present paper. 

Remark 1.8. If is classical and not anisotropic, and tt is a cuspidal unipotent 
character, then it is easy to check that fdeg^(7r) is the reciprocal of a product of even 
cyclotomic polynomials. This remark plays a key role in the case by case analysis we 
need to do, as it turns out that the condition on an unramified discrete local Langlands 
parameter A that jg(X) has only even cyclotomic polynomials both in its numerator and 
denominator, is already very restrictive. 

Remark 1.9. The set of orbits for the action of {OP)* x {OP^^/OP) on IL'^{G), as observed 
in Paragraph 1.6, is in natural bijection with T™^{Gad)- By Theorem 1.6(h) we have 
a natural surjection T™'^{Gad) As was mentioned above, one expects 

that the local Langlands correspondence maps each orbit in a {OP)*-equivariant way to 
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the {^t^)*-set Ad.uipcud^^Q'^^ which satisfies The role 

of the action of {OP^^/OP) is less obvious. 

Remark 1.10. Theorem 1.6 (a) can he reformulated in the terminology o/ [Op2] as the 
existence and uniqueness of a cuspidal spectral transfer morphism ^ ^^{Gsc) 

for every cuspidal maximal parahoric subgroup P of any inner form of G. The 
existence aspect of Theorem 1.6 (a) is proved in [Op3] and [Fel, Fe2]. In this paper 
we are concerned with proving the uniqueness. We remark that analogous existence and 
uniqueness results are known for split exceptional groups by the work of Reeder [Rl, R2]. 
The remaining exceptional cases are treated in [Fe2]. 

Remark 1.11. The Langlands parameters in Rduipcud^Q^ have very special properties 
with respect to parabolic induction. 

Let H C G be a standard k-Levi subgroup of G, and [A] € Rduipcud(^^^^ 
he a cuspidal unipotent character of H corresponding to [A] in the sense that its formal 
degree has the same q-rational factor as According to Theorem 1.6, there is an 

essentially unique matching residue point Wh^h in the spectrum of the of the Iwahori- 
Hecke algebra of Hqs. In view of [Opl], there exists an associated Iwahori-spherical 
discrete series characters of Hqs whose formal degree also has the same q-rational factor 
as By the uniqueness oflXn], the characters 5cu ofII{k) and 5 of Hqs{k) should 

both belong to the L-packet of the parameter Xh- And indeed, it can be checked [Op3] that 
the spectral decomposition of the (generalized) principal series induced from the cuspidal 
representation Scu of II{k) to G{k) on the one hand, and of the principal series induced 
from the discrete series 5 of IIqs{k) to Gqs{k) on the other hand, are closely related. 

The spectral decomposition of the former is described by the Plancherel decomposition 
of a unipotent affine Hecke algebra (with ¥h := ¥r)H{k) a maximal parahoric 

subgroup of H{k), and (PH,f7|p^) a unipotent type as in Theorem 1.6), whereas the 
latter is described by taking a residue of ix™{Gqs) along the residual coset xhT^, where 
T^ CT is the image in T of the connected center of the dual of H. The relation 
alluded to above between these two, implies essentially that there exists a unique spectral 
transfer morphism ^ 'H™{Gqs) in the sense of [Op2]. 

This point of view was worked out in [Op3] , bringing the classification of unipotent dis¬ 
crete series characters of Lusztig [Lusl, Lus2] within the framework of classical harmonic 
analysis. The fundamental fact on which this method relies is our present Theorem 1.6 
(and its generalization to exceptional groups). 

2. The /r-FUNCTiON and the Plancherel measure of TL 

Our aim is to prove Theorem 1.6 for all unramified classical absolutely simple groups. 
The case of G = PGL„ is easy, and was treated in [Op3, 3.2.2]. In all other classical 
cases, up to spectral covering morphisms [Op2, 7.1.3, 7.1.4] (which are irrelevant here, 
since Theorem 1.6 only deals with the q-rational factors), the Iwahori-Matsumoto Hecke 
algebra of the quasi-split form of G is of the form = Ti{IZ, m) with IZ a based root 
system of type 

7^ := {Ro,X,R'^q,Y,Fo) = (B;, Z^ Q, Z^ Fq)- 
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where Fq = {ei — 62,62 — 63 ,, e;_i — e;, e;} is the basis of the root system of type B;, 
with {ei)i<i<n the canonical basis of The main results in this paper deal with the 
above cases. In this article, we will more generally deal with Hecke algebras of general 
unipotent types (P, a) of these classical simple groups. These are all, up to spectral 
covering morphisms, affine Hecke algebras of type Such Hecke algebras have three 
independent Hecke parameters, and we will discuss the various parameter values which 
arise in the above context. 

Let L = C[u^^] be the ring of complex Laurent polynomials in indeterminate u, and 
let T denote the diagonalizable group scheme with character lattice Z x X, viewed as a 
scheme over L via the homomorphism L —)• C[Z x X] given by v 1 —>■ (1,0). The fibre Tv 
over V E Spec(L) will be denoted by T, which is naturally isomorphic to the complex 
algebraic torus with character lattice X. We will denote by ti the character of T asso¬ 
ciated to (0,ej), and by v the character of T associated with (1,0). 

Let W := Wq x X be the extended affine Weyl group, and R := Rq x Z = its 
set of affine roots. To a IT-invariant integral valued parameter function mjj (see [Op2, 
2.1.5]) on R, we associate two half-integral ITo-invariant functions 

W\Ro 3 m±(a) := ^(mR(a'^) ± m/j(l a^)) 

on the root system Rq = B;, where the values the VL-invariant m/{(-) at simple roots 
can be read off from the labels of the nodes of the arithmetic diagram directly. We 
see that m_(a) = 0 unless oT E 2y. The VL-invariant function m^ contains the same 
information as the pair of ITo-invariant functions m 3 - on Rq = B;, and the based root 
datum as above together with the pair of functions m 3 - determines an affine Hecke 
algebra associated to the root system of type C;. This affine Hecke algebra is denoted 
hy'H = Q(m_, m-|-)[g^] (see [Op3, 3.2.1]), where b := m+(±ej±ej), and bm 3 - := m 3 -(ej). 

We firstly assign to each root a E i?o a c-factor Cm,a defined by 

(1-hu-2“-(")a-i)(l 


Next, we form the c-function Cm by multiplying all the c-factors Cm,o with a runs through 
all the positive roots in Rq-. 

Cm — Cm,a- 

The //-function oi R = is a Wo-invariant rational function on T (see 

[Op2, Definition 3.2]) which is explicitly given by: 

(2.1) = //m_,m+,d(7^) = 

Cm Cm 

where m^y : kL —>• Z is given by 

mvy(iu) = ^ mij(a), 

nui “ 1 (i?_) 
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while wq is the longest element in the finite Weyl group Wq, and d is a normalization 
factor which is closely related to the formal degree (see the discussion below). 


Given an L-valued point b G T(L) of T we define, for e = ±1, 

p,(b) = {a €Ro\ ea(b) = 

and 

Ze(b) = {a € I ea(b) = 1}. 

A residue point r G T(L) is an L-valued point of T such that: 

b+(r)| + |p-(r)| - |z+(r)| - \z-{r)\ = 1. 

We remark that the residue point is a dimension 0 residual coset. Indeed, every residual 
coset L C T determines a root sub-system Rr = {a C : ci|l is constant}. This root 
sub-system is parabolic in the sense that Rl is equal to RRl H Rq (the intersection of 
the R-span of Rl with Rq). Let Tl be the subtorus whose cocharacter lattice Yl equals 
to YCiQR'^ {Y in the root datum), and let be the subtorus whose cocharacter lattice 
Y^ is y n (Rl)-*-. Then L is a coset of inside T, and there is a residual point r &Tl 
such that L = rT^. For more background on residual cosets we refer to [Opl]. 


It is useful and necessary to consider the regularization of the p-function along a 
residual coset L (see [Op2, 3.2.3]). If L = {r} is a residual point as defined above, then 
is the rational function on T dehned by omitting the factors in the denominator and 
in the numerator of p which are identically equal to zero when evaluated at r G T(L). 
Hence p^^^ dehnes a nonzero rational function (denoted by in v when evaluating at 

r (compare to computing the residue of a rational function at a simple pole). Explicitly, 
we have: 

(2-2) ^~^‘”^^^°^n«eRoy_(r)(l + «~Hr))naeRoW(r)(l-«~nr)) 

nagRo\p-(r)(l + P-2”-(")a-nr)) naeRo\p+(r)(l “ m+{a) q,-1 (3-)) 


Here K is defined to be the fraction held of L. For a general residual coset L = tlT^, we 
can decompose p^^'^ as follows. We can assume (if necessary, use an element w G IFo to 
translate L) that Rl = Rp is a standard parabolic root sub-system dehned by P C Fq- 
Then we have the factorization 


(2.3) 


,,(i) _ ,,(yi),, _ 

h- ~ h-Rp h-Ro\Rp h-Rp 




nQ!G_Ro,+\fip,+ i^rn,aCm,a) 


where = WQWp ^ G is the longest element (see [Op2, Proposition 3.8]). The 
smooth density p^^\'rLt)d^t is known to be smooth on ■= tlY^ and, up to Wq- 

invariant, locally constant rational factors, the sum of such densities over all residual 
cosets L is equal to the push forward of the Plancherel measure on the the spectrum of 
the center Z{T-L) of T-i (see [Opl]). 




ON A UNIQUENESS PROPERTY OF CUSPIDAL UNIPOTENT REPRESENTATIONS 


17 


By interpreting the roots as characters of T we can write the /i-function as a rational 
function in v and G T. For example, in our present situation where Rq = B; and 
X = 7}, the root system can be expressed as 

: 1 < i < j < /} U {tfc ^ :l<k<l}. 


Therefore we can write the normalized //-function of C/(m_, m+)[(/^] as: 
(2.4) 

, d -pr - titj ^)2(i - 

/Im,d(B/j - ^2brawiwo) li 




n 


(1 - ^)(1 - ^)(1 - 
4 ) 2(1 - 4)2 


(1 + V-‘^'^^-tk){l + U+2t’”^-4)(l - U-2‘’™+4)(1 - U+2‘’™+4) 


To conclude this section we describe the normalization factors d appearing in the /t- 
function. Firstly, every generic affine Hecke algebra R = T-LiTZ, m) can be equipped with 
an L-valued trace defined by 

T^{Ny,) = 

Such defined gives a family of C-valued traces R>i 9 v i-A on the R>i-family 
of algebras of T-L^, the specialization of R at v. There exists a conjugate linear anti¬ 
involution * on "Hv defined by = N^-i. It is a fundamental fact that for all v G R>i, 
the 3-tuple {Rv,t^, *) defines a type I Hilbert algebra. 


The following definition of normalized affine Hecke algebra is borrowed from [Op2, 
Definition 3.1]. 

Definition 2.1. Given a generic affine Hecke algebra R and an h-valued trace we 
define t‘^(-) = dT^{-) with d G M. The pair {R,t'^) is called a normalized affine Hecke 
algebra. 

The formal degree of a discrete series representation of R depends on the normalization 
of the trace of R. HR = is a unipotent affine Hecke algebra of rank r associated 

to a unipotent type (u, P, a) of an unramihed semisimple group G, then we normalize 
the trace r of by 

r‘^(l) = d = degcj 

Here the Haar measure of is normalized in such a way that vol(P'^“) is equal to 
^-dim(P ) cardinality of the group of Fq-points of Then d G M (cf. 

[Op3]), d^ := (v — v~^Yd is regular and nonzero at u = 1, and by [Op2, Theorem 4.8] 
we have: 

(i) fdeg(7r) G M, for all discrete series vr of R. 

(ii) fdeg(7r)(u) is regular and nonzero at v = 1, and fdeg('7r)(u“^) = fdeg(7r)(u). 

(hi) If r is a residual point, then up to a nonzero rational constant, fdeg(7r)(v) is 
equal to (v, r(v)) for all v > 1. 
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3. Residue points as images of standard STMs 

The notion of spectral transfer morphism (abbreviated to STM) was discussed in 
[Op2, Section 5], thus we will not give the exact definiton of STM verbatim. Instead we 
collect some useful facts on STM in this article, aiming at the relations of STM to the 
residual points and formal degrees. 

Recall that the spectral transfer category £ has normalized affine Hecke algebras 
as objects and equivalence classes of spectral transfer maps as morphisms (see [Op2, 
Definition 5.9]). Choose an affine morphism 

(t>T '-Ti ^ T2 

which represents the STM 

and let [cj)] = IT2,o o be the associated class of morphisms. Then by the image 
Im([(/)]) we mean the IT 2 ,o-oi'bit of residual cosets W 2 ,o</>r(Ti) which lies in W 2 fl\T 2 - 
The rank and co-rank of [</>] are respectively defined to be rk([^]) = dim(Ti) — 1 and 
cork([(/>]) = dim(T 2 ) — dim(Ti). We say (/> is a spectral covering map if cork([(/>]) = 0. 

A rank 0 affine Hecke algebra is simply L. A normalized rank 0 Hecke algebra is 
equipped with a trace r® on L, given by the normalization factor cP = r^(l) G M. The 
following result is straightforward from the definitions in [Op2]: 

Proposition 3.1. [Op2, Proposition 7.11] Let be an arbitrary normalized affine 

Hecke algebra with H = 7^(7^, m), and let r be a generic residual point of { TZ , m). Define 

d0(v) = /x(W)(v,r(v)) G 

where fi is the fi-function associated with H. Then G M (thus defines a normalization 
ofL), is regular and nonzero at v = 1, and 0r(v) = r(v) defines a rank 0 STM 
(j) : (L,t'^°) Conversely, all STMs fi to of iffifi) = 0 are of this form. 

This sets up a canonical bijection between the set of rank 0 STMs with target (77, r'^), 
and the set of W^-orbits of residual points r G T'(L) for 77. 

In [Op3, 3.1.2, 3.1.3] it was pointed out that every spectral transfer morphism is 
induced from a rank 0 spectral transfer morphism to the semisimple quotient 77 l of a 
“standard Levi subalgebra” 77^ of 77, where L C T is some residual coset. However, 
the converse is not true. An STM fi : (L,t^) 77l of rank 0 corresponds to an orbit 
of residual points G 7 l. This induces the ITo-orbit of residual cosets of the form 

rfiT^, which has a Plancherel density as in (2.3). To say that this is the image of 
an STM of higher rank is essentially equivalent to saying that as in (2.3) “is” the 
;U-function of another affine Hecke algebra of rank dim(L). In general this cannot be the 
case, since has too many poles for this to be possible (so apparently , if WqL is the 
image of an STM, then many cancellations of poles and zeroes of have to occur). 
We call fi cuspidal if WqL is the image of an STM (such an STM must be of rank 0). 
With this terminology we can summarize the above discussion by the statement that 
every STM is induced from a cuspidal STM of a standard sub-quotient algebra of the 
form 77 l- 
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A truly remarkable fact is that if we restrict ourselves to the collection of unipotent 
normalized Hecke algebras related to a given unramified absolutely almost simple group 
G over k (so the normalized affine Hecke algebras associated to the unipotent types of 
the fe-Levi subgroups of inner forms of G) then, within this class of extended affine Hecke 
algebras, every rank 0 STM to an as above is cuspidal in the sense just explained. 
This statement follows from the main result of [Op3] and our Theorem 1.6. 


We will concentrate on normalized affine Hecke algebras associated to the unitary, or¬ 
thogonal and symplectic groups of adjoint types. In [Op3, 3.2.6] an associated collection 
^dass of affine Hecke algebras was introduced, whose objects are normalized affine Hecke 
algebras of type (Ci(m_, rm_,m+) with rank I G Z>o. The pair of parameters 

(m_, m_|_) lies in the parameter space V, which is the collection of ordered pairs (m_, m+) 
of elements m± € Z/4 such that 2(m_ — m+) G Z. If both m+ — m_,m+ -|- m_ G Z 
then b = 1, otherwise we put b = 2. 


Following [Op3, 3.2.6] we now decompose V into six disjoint subsets with X G 
{I, H, HI, IV, V, VI} as follows. If m± G Z ± ^ and m± > 0 we write 


m± = K± + 


2e± - 1 
4 


with e± G {0,1} and k± G Z>o. Define G {0,1} by k± = (5± (mod 2). Now we can 
define the decomposition as follows: 


(m_ 

,m+) 

G 

vi 

iff 

m± 

G 

Z/2 and m_ 

— 

m+ ^ Z, 

(m_ 

,m+) 

G 

V” 

iff 

m± 

G 

Z/2 and m_ 

- 

m+ G Z, 

(m_ 

,m+) 

G 

ylll 

iff 

m± 

G 

Z and rri- — 

m+ ^ 2Z, 

(m_ 

,m+) 

G 

ylV 

iff 

m± 

G 

Z and m_ — 

m+ G 2Z, 

(m_ 

,m+) 

G 

vv 

iff 

m± 

G 

Z ± 1 /4 and 



(m_ 

,m+) 

G 

yVI 

iff 

m± 

G 

Z ± 1 /4 and 

<5_ 

-=<5+. 


These collections of unipotent affine Hecke algebras are associated to unipotent types 
of the following isogeny classes of unramified classical groups (in the same order): Special 
unitary groups, special odd orthogonal groups, symplectic groups, special even orthog¬ 
onal groups, symplectic groups and special even orthogonal groups. The last two of 
these cases are associated with unipotent types of the inner forms of G determined by 
u G D/(l — 8)Q where via Kottwitz’s isomorphism, u corresponds to the action of the 
center of ^G in its spin representations. These cases play a special role, and the 
associated affine Hecke algebras are called extra-special. 


We remark that the parameter types are independent of the rank I, and the trace 
Tm-,m+ depends on I in the simple uniform fashion 

(3.1) — V ^) ) = 

where i® independent of 1. The value of i® described in (3.2) below, 

in terms of degrees of cuspidal unipotent characters of finite groups of Lie type. The 
normalized affine Hecke algebra {Ci{m-,m^)[q^],Tm_,m+) thus defined is often denoted 
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by 

Lusztig has determined the formal degrees of cuspidal unipotent representations of 
reductive p-adic groups (based on the cuspidal unipotent representations of finite groups 
of Lie types). Cuspidal unipotent representations are rare, in particular, each of the 
classical groups of type A;, B;, C;, D;, has at most one cuspidal unipotent repre¬ 

sentation (we do not consider type ^D 4 here). The conditions for these classical types 
having cuspidal unipotent representations are imposed onto their ranks 1. These con¬ 
ditions as well as the corresponding degrees of cuspidal unipotent representations can 
be found in [Car, §13.7]. They are rational functions in q with rational coefficients. 
For those various s which would provide cuspidal unipotent characters for each type as 
above, we write {q) for the (^-rational part (by which we mean a fraction of products 
of g-integers [njg := with n € Z>o) of the formal degree of the cuspidal unipotent 

character for the adjoint group of type y € {^A^, B^, C^, D^, (where we normalize 
the volume of the group of Fg-points to 1). We view [q) as a function in q. 


Table 1. Cuspidal unipotent representations for classical groups 


Types 

rank 1 

No. of cuspidal unipotent characters 

Ai 

0 

Only trivial representation 


1 = s(s -|- l)/2 — 1 for some s 

1 

Bi 

1 = s(s + 1) for some s 

1 

Cl 

1 = s(s -|- 1) for some s 

1 

Di 

1 = for some even integer s 

1 


1 = s^ for some odd integer s 

1 


From Carter’s book op. cit we witness that for types B; and C;, they share the same 
formal degrees of the cuspidal unipotent characters (we shall denote this common formal 
degree by df )] and so do the types D; and (which we shall denote this common 
formal degree by d^). We can prove the following properties of these formal degrees 
using elementary considerations. 


Proposition 3.2. Suppose s G Z>o. We regard d^ and d^ as functions in s. 

(i) These formal degrees of cuspidal unipotent representations are elements of the 
free abelian group M, and are linearly independent in M. 

(ii) Apart from a power of q, df and d^ are products of reciprocals of even cyclotomic 
polynomials ^2m (with m G Z^qJ. 
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As in [Op3, Equation (33)] we define: 


(3.2) 


(f = r 

,m+ ' 7n_ ,m+ 


( 1 ) := 


d^{q)d^{q) 

d^{q)d^{q) 

d^:^\q)d^{q^) 

/:^\q)d^{q^) 


if (m_,m+) G 
if (m_,m+) € 
if (m_,m+) G V™ 
if (m_,m+) G 
if (m_,m+) G 
if (m_,m+) G 


where {a, b : a, b G Z>o} is determined by the following equalities of sets: 


(3.3) 


{1/2 + a, 1/2 + 6} = {|m+ — m_ 
{2a, 1 + 26} = {|m+ — m_ 
{1 + 2a, 1 + 26} = {|m+ — m_ 
{2a, 26} = {|m+ — m_ 
{1/2 + a, 1 + 26} = {|m+ — m_ 
{1/2 + a, 26} = {|m+ — m_ 


|m+ 


m_ 

-1} 

if 

(m_ 

.,m+) 

G 


|m+ 


m_ 

-1} 

if 

(ni_ 

.,m+) 

G 


|m+ 


m_ 

-1} 

if 

(ni_ 

.,m+) 

G 

^III 

|m+ 


rri- 

-1} 

if 

(m_ 

.,m+) 

G 

ylV 

|m+ 


rri- 

-1} 

if 

(ni_ 

.,m+) 

G 


|m+ 


771- 

-1} 

if 

(m_ 

.,m+) 

G 

yVI 


Observe that these equalities determine a and 6 in case II, V and VI, and determines a 
and 6 up to order in the other cases. Thus the normalization (3.2) is always well defined. 

We remark that the normalization for the last two cases V and VI (the ’’extra-special 
cases”) can be conveniently summarized in the following uniform formula (cf. [Op3, 
Equation (36)]): 


|m_ —m+1 


(3.4) ~ 


n (r 


.2|m_ —m+1—22 


2=1 


_|_ q2\m--m+\ 




[|m_+m+|J 

n 

i=i 


(t 


2\m-+m+\-2j 


_|_ q2\m-+m+\-2j 


- 

-27/ 


Define 


i—)■ —m+, m_ i—)• rri- 

rj : i-A m_, m_ i—)• 


Then the group Iso = {r]+,r]) is isomorphic to the dilhedral group of order 8. This group 
acts on ^dass by spectral isomorphisms (cf. [Op2, 7.1.2]). We define r/_ = r/ o r/+ o r/. 

Besides these spectral isomorphisms, in [Op3, 3.2.6] definitions were given of a set 
of basic for STMs between the Hecke algebras C/(m_,m+)[g^] G ^dass (with X G 
{I, II, III, IV}) and for the STMs of “extra special cases” 

to and it was shown [Op3, Proposition 4.1] that these basic STMs generate all 

STMs between such types of normalized affine Hecke algebras. 
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Recall that the basic generating steps for the standard STMs are (reviewing some of 
the notations in [Op3, 3.2.6]) of the form: 


Q(m_,m+)[g2] ^ -e(m_),m+)[g2] 

C/(m_,m+)[g2] ^ Q+ 2 |m+|- 2 (m'-,m+ -2e(m+))[g2] 

Ci{m_,m+)[q] (m_ - e(m_), m+)[g] 

Ci{m_,m+)[q] Q+2|m+|-2("J-, - 2 e(m+))[g] 

Ci{m-,m+)[q] Ci+2\m+\-2{'m-,m+ - 2 e(m+))[g] 

C/(m_,m+)[g 2 ] ^ C2;+i„(„+i)+2fe{6+i)(<J-, 
C/(m_,m+)[g 2 ] ^ C^i+ia{a+i)+2b^-S+i^-^^-M 


if € V\m+ ^ Z 

if € V\m+ € Z 

if (m_,m+) € 
if (m_,m+) € V™ 
if (m_,m+) G 
if (m_,m+) € 
if (m_,m+) € V''^^ 


The underlying affine morphisms of algebraic tori for these generators were given in 
[Op3, 3.2.6, 3.2.7]. The computations to verify that these maps indeed represent STMs 
were briefly indicated loc.cit. . For more detail we refer to [Fel, Fe2]. 

Let us temporarily accept the fact that standard STMs exist. Then among the objects 
of ^^lass with X G {I, II, III, IV}, the least spectral isogeny classes of objects with respect 
to the partial ordering as defined in [Op2, Definition 8.2] are the following: 


[Q(^,0)[g2]] and [Cz(i, l)[g2]] if T = I, 
[Q(|,i)[g]] if T = II, 

[Q(0,l)[g]] ifT = III, 

[Q(0,0)[g]] and [Q(l, !)[(?]] if T = IV. 


Using the standard generators indicated above, we can reach such minimal object by 
an STM from any of the Hecke algebras in ^ciass- The reason is as follow. First of all, 
notice that using the group Iso of spectral isomorphisms, we can interchange m_ and 
m+, and map m± to —m±. Hence we may assume that m± are both nonnegative. In 
that situation the STMs listed here strictly decrease the value of m_ + m+. We can 
continue with this until we reach an object that is isomorphic to one of the four least 
objects listed above. 

On the other hand, we can verify that for connected unramified quasi-split classical 
groups of special unitary, special odd orthogonal, symplectic and special even orthogo¬ 
nal type, there exist spectral covering morphisms from their Iwahori-Matsumoto Hecke 
algebras to the corresponding minimal objects. 


We remark that the order in which we apply the basic translation STMs is not 
important since they commute, as can be easily checked by direct computation using 
the explicit formulae of [Op3, 3.2.6]. Also it follows from an easy direct verification 
that the commutation relations between these translation STMs, extra-special STMs 
and elements of the group Iso of spectral isomorphisms, are simply via the action of Iso 
on the pair of parameters (m_,m+) of the Hecke algebra. 

Definition 3.3. The STMs of ^ciass which are generated by the translation STMs above 
and by the elements of Iso are called standard STMs. 

The elementary arguments above show that a standard STM between two objects of 
*^ciass as indicated above is essentially unique. 
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Thus for each object of <tciass there is an essentially unique (i.e. unique up to spec¬ 
tral automorphisms) standard STM to one of these least objects in with X G 

{I, II, III, IV}. Note that the STMs from objects of type T = V or VI are in a different 
nature, and map in one step to a least object of type {III, IV} respectively. These are 
called the extra special STMs. In Section 4 we describe the extra-special algorithms 
which allow us to deal with these extra-special STMs. Existence of these extra-special 
STMs will also be proved in detail in [Fe2]. 

Remark 3.4. From our main Theorem 1.6 and its proof, we can prove a deep result 
(cf. [Op3, Proposition 3.8]j. Namely, all STMs between two objects of €ciass o,s indicated 
above are standard. Also, the STMs in the above basic set together with the elements of 
Iso generate all STMs between these type of Hecke algebras. Of course, we will only use 
the existence of standard STMs and their basic properties. 

Remark 3.5. Note that in cases X = II, IV these minimal objects admit a group Antes 
of order two of spectral automorphisms, which arise from special affine diagram au¬ 
tomorphisms (cf. [Lusl, \.\V\), and for the other cases there are no essentially strict 
spectral automorphisms. 


Given an unramified, connected absolutely simple group Gqs = Gqs(A'), defined and 
quasi-split over k, of unitary, orthogonal or symplectic type, and of adjoint type in its 
isogeny class, let T^qs be the relative based root datum which we have constructed in the 
introduction. Let TL^^{Gqs) = ’W(^qs,mqs) be the Iwahori-Hecke algebra of Gqs- 

Proposition 3.6. There exists a spectral covering map ■H^'^(Gqs) ^ T^min of the 

minimal objects to a canonical bijection 

between the set of -orbits in ResL('7^gs, mqs) and the set of NvXes{T~L^^^)-orbits in 

ResL(i^, 

Proof. See the description in [Op3, 3.2.7]. The precise relation between the isogeny class 
of Gqs and the type X, as well as the covering group of Tdmin described in 

loc. cit. . From that description we see easily that the elements of AutesiHmin) always 
lift to elements of (12^^)*. □ 

As a consequence, we can formulate Theorem 1.6(a), (b) in terms of as follows. 

This is quite useful, because it reduces most of the work to considering the Hecke algebras 
of 

^class' 

Proposition 3.7. Let 'H™{Gqs) Tdmin Proposition 3.6. Let G = Gqg be 

an inner form of Gqg. Let (u,P, ct) be a maximal Fu-stable unipotent type of G = 
G{K). Then there exits a unique NniesiLL^i^)-orbit Wqt G ResL(77,m^-^) such that 

This proposition will be proved in Section 6. Using the existence of standard STMs to 
LLmin we can still sharpen the formulation a little bit. Let (n,P, ct) be as in Proposition 
3.7. Then, by definition of ^dassi := (L, d^ = fdegg((T)) is a rank 0 object of for 
some y G (I, II, III, IV, V, VI}. Let f : Hq be the unique standard STM, and 


24 


YONGQI FENG AND ERIG OPDAM 


let Im((/)) = Wqt G ResL('7^, nimin)- Hence assuming the existence of standard STMs we 
see that Proposition 3.7 is equivalent to: 

Corollary 3.8. Let Wqt € ResL(7^,m^^^) such that = fdegq((T) for some 

maximal Fu-stable unipotent type (tt,P, u) of some inner form G of Gqs determined hy 
u. Then Wqt represents a rank-0 standard STM cf : "Hq Timin’ '^hich is unique up 
to the action o/Antes where y = X or X = \\\ and T = V, or X = lY and 

y = Yi. 

There is another important simplification. Namely, the existence of the extra special 
STMs imply that all residue degrees of the form with X of type III or IV 

are covered by the cases of type V and VI. The latter residues are computed from 
Hecke algebras with generic parameters in the sense of [OS], and that turns out to be 
much easier to analyze. In the next section we will make explicit how do the extra¬ 
special STMs send the orbits of residual points of Hecke algebras of type V and VI, to 
ResL(7^, m^^^) for X = III and X = lY respectively. This will be used extensively in 
Section 5, where we will study important necessary conditions for Wqt such that Wor 
could be a solution of an equation of the form ~ some unipotent 

cuspidal pair (P, u). 

4. Description of the extra-special algorithms 

Let Podd,dist be the collection of all partitions (including the zero partition) with odd, 
distinct parts. Let 

R = {{m,p) I m € Z ± 1/4, m > 0 and p a (possibly zero) partition}. 

We will define two operations E : Podd.dist —t R and D : R —>■ Podd.dist and prove they 
are inverse to each other. We remark that the map D is similar, and indeed equivalent 
to the algorithm discussed in [CK, Section 4.4]. It was also shown in [CK] that D is an 
injective map. ^ 

We refer to E as the extra-special algorithm. 

We first describe E : A i—>■ {m,p). Recall the notion of an m-tableau (cf. [Slo, HO]): 
For a rational number m and a partition A, we define the m-tableau Tm{X) of A as the 
tableau with shape A with its box bij (where the coordinates (i,j) have the same mean¬ 
ing as for matrix entries) filled with the nonnegative real number \m — i j\. 

The algorithm E produces a number m € (Z ± 1/4)+, and an m-tableau, whose shape 
we call p. The steps to produce m and Tm{p) from A € Podd,dist are as follows: 

(1) Write A as a non-negative integral sequence in decreasing order. Define j = 
(A — 1) /2, where (A — l)/2 means substracting 1 from all nonzero parts of A, and 
then dividing each part by 2. 


^We thank Dan Ciubotaru for pointing out the reference [CK] to us. 
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We stress that we do not regard j as a partition, but as a tuple of nonnegative 
integers, whose length is equal to the number of nonzero parts of A. 

(2) Let N > 0 be the excess number of parts of the dominant parity type (even 
or odd) of j. Put e = 1 if the dominant parity type is odd or if k = 0 (in 
which case we shall call the dominant parity type odd as well), otherwise put 
e = 0. Let m = K+(2e—1)/4. This gives us the required number m G (Zzbl/4)+. 

(3) Let y = ( 71 ,, 7 k) be the sub-sequence in j of the k smallest parts of dominant 
parity type. 

(4) Removing j from j and denote the remaining sub-sequence of j by f. Thus f 
has an equal number parts of both parities. Arrange f in t pairs: 

/= ((ai,/3i),---,(w,A)) 

with a\> •••> at and /3i > • • • > /3t, where for all i, a* is of dominant parity 
type and /3i is of the other parity type. 

(5) For every pair (a^,/?*) we denote by Tm{H{ai, j3i)) the hook-shaped m-tableau 
whose hand (the box at the end of its arm) is filled with {at — l/ 2 )/ 2 , and whose 
foot has filling 1/3* — l/ 2 |/ 2 . 

Note that we need to take the absolute value in the latter expression since it 
might happen that the smallest part of j is 0. If e = 1 then this part 0 of j will 
appear as /3t = 0 in the smallest pair {at,f3t) of j". Also observe that if e = 0 
then K > 0, and then this part 0 of j will appear as the smallest part 7 ^ of f. In 
particular, we always have (a* — Il2)l2 > 0 for all i. 

Let Tm{H) be the m-tableau obtained by nesting the hook shaped tableaux 
Tm{H{ai, Pi)) in decreasing order. Observe that all hooks Tm{H{ai, Pi)) contain 
a box with filling m (namely the box at the corner) and a box with filling 1/4 
(and if m = 1/4 then these two boxes coincide). We call such hooks m-hooks. 
Hence the leg of an m-hook has length at least k, since its corner box has filling 
m and the box with filling 1/4 is precisely n boxes below that. 

(6) We add horizontal strips Si (which may be empty) to Tm{H) (for i = 1 , ..., k). If 
7 * < 2(m —i-|-I)-|-l/2, then the strip Si is empty. Otherwise Si is the horizontal 
{in — i + l)-tableau whose rightmost extremity has filling jy* — l/2|/2 (again, we 
need the absolute value because it might happen that 7 ^ = 0, namely if j con¬ 
tains 0 as a part, and if in addition e = 0). These horizontal strips can be added 
to Tm{H) in a unique way such that the union is an m-tableau (so Si is placed 
at the “armpit” of Tm{H), and is placed just below S'* for i = I,..., k — 1). 

Observe that for all i the parity type of 7 * is s. The smallest possible value of 7 * 
equals 7 * = 2(m — i -|- I) — 3/2, corresponding to S'* being empty. In particular, 
the smallest possible value of Jk is If ah strips S'* are empty, we have: 

y = {e + 2 {k — 1),£ + 2{k — 2),... ,£) 



26 


YONGQI FENG AND ERIG OPDAM 


Denote the union of the strips Si by Tm{S). Then Tm{S) is either an m-tableau 
or empty. 

(7) Finally, p is the partition whose Young diagram is the shape formed by the union 
of the m-hooks H and strips Si in the way indicated above. 

As mentioned above, we call the hook-shaped m-tableaux Tm{H(ai, Pi)) the m-hooks of 
Tra{p)- Observe that the m-hooks of Tm{p) are precisely the hooks in Tm{p) which are 
m-tableaux, and contain 1/4. Equivalently, a hook of Tmip) which is an m-tableau is an 
m-hook if and only if its leg length is at least k. 

Example 4.1. Let A = (21,19,13,9, 5,3) be an odd distinct partition. We have already 
ordered the parts of A in decreasing order. Then we have j = (10,9, 6,4, 2,1). We now 
have 4 even numbers and 2 odd numbers. Thus the dominant parity type is even (hence 
e = 0) and the excess number k = 4 — 2 = 2. We get m = n (2e — l)/4 = 7/4. 

Now y = (4, 2). Removing / from j we obtain = ((10, 9), (6,1)). Therefore we will 
have 2 hook-shaped m-tableaux and 2 horizontal strips. The Young tableau is as follow: 


7/4 

11/4 

15/4 

19/4 

3/4 

7/4 

11/4 


1/4 

3/4 

7 

4 


5/4 

1/4 

.3 

4 


9/4 



13/4 



17/4 




The two horizontal strips are in colours. 

We next describe the operation D, namely how to recover the odd distinct partition 
A e Podd.dist from (m, p) € R. 

Recall that m G (Z ± 1/4:)+. Let k be the closest integer to m and write m = 
K {2e — l)/4 with e = 0 or 1. This uniquely determines a parity type e and a nonneg¬ 
ative integer k. Dehne <5 G {0,1} by k = (^ -|- 2Z. 

The m-tableau Tm{p) can be written as a disjoint union of nested Tm{p)-h.ooks which 
are themselves m-tableaux. If one of these hook shapes is an m-hook than all its pre¬ 
decessors are m-hooks too (since the condition for such hook to qualify as m-hook is 
that its leg length is at least k). Hence Tm{p) has a unique decomposition as the union 
Tra{H) U Tm{S) of two m-tableaux (both possibly empty) such that H is the largest 
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m-tableau contained in Tm{p) which is a union of m-hooks, and S is the complement 
of H in Tm{p)- By the above we see that S is itself an m-tableau (or empty) without 
m-hooks, and that S has at most k parts. 

We number the shapes of the the nested m-hooks in T^ip) in decreasing order as 
Hi, - ■ ■ , Ht- For every i, Tm{Hi) defines unique pair of nonnegative integers (at, j3i) such 
that Tm{Hi) = Tm{H{ai, fii)). Indeed, if the hand of Tm{Hi) has filling € (Z ± 1/4)+ 
and its foot has filling G (Z ± 1/4)+, then a, is the unique integer of parity type e 
nearest to 2Ai G (Z -|- 1/2)+ (which is easily seen to be 2Ai + 1/2), and [3i is the unique 
integer of parity type 1 — e nearest to 2Bi G (Z -|- 1/2)+. In particular, every such pair 
consists of nonnegative integers with opposite parity type. 

Recall that S itself is an m-tableaux (or empty) with at most k parts. Let Si, - ■ ■ ,Sf^ 
denote the list of rows of S (where some of the rows, or even all of them, may be empty). 
Let the rightmost box of Si be filled with Q G (Z ± 1/4)+. If S'* is empty, we define 
Ci = \m — i\ G (Z ± 1/4)+ (this is the filling of the rightmost box of the (t -|- i)-th row 
of Tm{p), provided that t ^ 0 (otherwise S = Tm{p), in which case this row is empty 
by assumption)). Define 7 ^, for i = 1,..., k, as the unique nonnegative integer of parity 
type e nearest to 2Ci G (Z ± 1/2)+. 

This determines a set of pairs of nonnegative integers (of opposite parity) (o;*,/?*), 
and a set of nonnegative integers 7 ^ uniquely. Observe that these integers are mutually 
distinct. 

Now we form the descending list j of the numbers (a*, j3i) (for i = 1,... ,t) and the 
7 j (for j = !,...,«;). Observe that the length of j is at least k (namely, we have at least 
the numbers 7 j for i = 1 ,..., k in our list). Finally we define \ '.= 2j + 1 . Observe that 
A has distinct, odd parts, and that 5 (the parity of k) is also the parity of the number 
of parts of A. 

We can als form the descending list e of the numbers (a* — l/2)/2 the (/3j — l/2)/2 
(for i = 1,... ,t) and the ( 7 ^ — l/ 2)/2 (for j = 1,..., k). Observe that the list e may 
contain at most one negative number as an entry, namely —1/4. Then j = 2e-|- 1/2, and 
the list |e| of absolute values of e is the list consisting of the fillings of arms (the Ai) and 
feet (the Bi) of the m-hooks Hi of Tm{p) (for i = 1,... ,t), combined with the list of the 
Cj (for j = 1 ,...,k). 

Theorem 4.2. The operations E : Podd,dist ^ R o,nd D : R —> Podd,dist are inverse 
bijections. 

We will not give the formal proof (which is not hard, see [Fe2]). Instead, we will give 
some illustrative examples. 


Example 4.3. Let us give some examples of the operator D: 

(1) Let m = 1/4 and p be zero. Then A is zero as well. On the other hand, if 
m = ‘ijA and p is zero, then we have no m-hooks, but since k = 1 and e = 0 , we 
have one empty strip Si, which yields Ci = 1/4, and 71 = 0. Hence e = (—1/4), 
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and A = [1]. 


(2) Let m = 15/4 and p be the zero partition. Then m = 4 — 1/4 gives k = 4 
and e = 0. We have no m-hooks, and k = 4 strips which are all empty. Hence 
Cl = m — 1 = 11/4, C 2 = m—2 = 7/4, Cs = m —3 = 3/4 and = |m—4| = 1/4, 
and thus 71 = 6, 72 = 4, 71 = 2, 71 = 0. So e = (11/4, 7/4, 3/4,—1/4). We 
obtain the odd distinct partition A = [1,5,9,13] (let us agree that we may also 
denote a partition in increasing order, using square brackets as delimiters). 


(3) For a singelton | m \ = 1/4 we have k = 0, e = 1. Hence we have one hook, 
and no strips (even no empty ones!). We find that e = (1/4, —1/4); thus we get 
A= [1,3]. 


(4) Consider the following tableau: 

5/4 

1/4 

Here m = 5/4 = 1+1/4. Therefore k = 1 and £ = 1. We have one m-hook, and 
one empty strip. Thus (Hi, Hi) = (5/4,1/4), and ((ai — l/2)/2, (/3i — l/2)/2) = 
(5/4, —1/4). In addition the empty strip Si yields Ci = jm — Ij = 1/4, and thus 
7 i = 1. Thus we form the descending list e = (5/4,1/4,—1/4) and recover the 
odd distinct partition A = [1,3,7]. 


5. The multiplicity of odd cyclotomic polynomials 

A remarkable property of cuspidal unipotent formal degrees of unramified unitary, 
orthogonal or symplectic groups is that these formal degrees have no odd cyclotomic 
polynomial factors in the numerator or the denominator (in the normalization of Haar 
measures we discussed before). This turns out to be a very selective property for unipo¬ 
tent discrete series characters of these classical groups. In the present section we will use 
a reduction argument and the extra-special STMs to limit the possible discrete Kazhdan- 
Lusztig-Langlands parameters of those unipotent discrete series characters whose formal 
degrees have this property, in the cases of unitary, symplectic and orthogonal groups 
(the types I to VI). 


Notation. For a strict positive interger n we denote 4*n(9) = ns|n(l “ the 

n-th cyclotomic polynomial, with p,{-) the Mobius function, defined by the rule below: 


p{a) 


1 , if a = 1 , 

< (— 1 )^ if a is the product of I different primes, 
0 , if a contains a square factor. 


All cyclotomic polynomials belong to the free abelian group M (see Section 2) and 
form a linearly independent set in M. The subgroup of Me„ generated by the even 
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cyclotomic polynomials ^ 2 n with n € Z>o is equal to the subgroup generated by the 
polynomials (1 + q*) with * € Z>o. Note also that <l>n(<?^) = ^ 2 n{Q) if n is even, while 
= ^ 2 niQ)^niQ) if n is odd. Therefore, for all n € Z>o, the congruence relation 
= <l>n(Q') (mod Me^) holds in M. 

5.1. Reduction to “real infinitesimal” central character. Recall the notion of m- 
tableau (see Section 4) associated with a given pair (m, p) where m £ Q and p\- n (here 
n G Z>o). To {m,p) we associate the iyo(Bn)-orbit of content vectors Wo(Bn)C{^, p) £ 
Q"". This is the set of vectors ^{m, p) in Q"" such that the list of absolute values of 
coordinates of p) coincides with the list of box fillings of Tm{p) (counted with 
multiplicity).^ 

We say that p is m-regular if a content vector ^(m, p) is an m-linear residual point 
for the root system B„, in the sense of [HO]. Equivalently, p is m-regular if and only if 
lHo(Bn)C(™') p) is the central character of a discrete series character of the graded affine 
Hecke algebra ]HIm(B„) of the root system B„, with parameter 1 of the roots ± Xj 
and m for the roots Txj ([Opl, OS]). 

Given a “base” (with q G R+, and b G Z>o) and a pair (m, p) as above, we form a 
set of vectors Ho(Bn)r(i,_m;p)(fi) with r((, ,„.p)(q) = (q^'^b • • • i q^'^") G M+. Here we denote 
by •= exp(bfe^(m, p)) the generic residual point with coordinates , • • •, 9 ^'^"), 

where ^{m, p) = (ci,..., c„) is the m-linear residual point whose coordinates are the fill¬ 
ings of the boxes of Tm{p) (ordered arbitrarily), and k = log(g). To lessen the burden of 
notation, we will often suppress the parameters m and b from the notation, and simply 
write Tp instead of r([, „i.p) or even of r(f,p„.p)(q) if there is little danger of confusion. 

Recall from [OS] that the central character of a discrete series character of an affine 
Hecke algebra of type C,i(m_, m_|_)[q^] can always be represented as the Ho(B„)-orbit 
of a residual point r(p_ p^) := (—r.p_)(q), r((, ,„^.p^)(q)), where p± denotes an m±- 
regular partition of n±, with n_ -|- n+ = n. We will always assume (without loss of 
generality) that m > 0, that b G Z>o, m± G Q+ are such that b(m+ -|- m_) G Z and 
b(m_|_ — m_) G Z. This assumption is satisfied for unipotent affine Hecke algebras, and 
guarantees that all factors in the p, function are of the form (1 ± ( 7 ”) with n G Z. 

We recall (see [HO, Slo]) that for m ^ {0, 1 / 2 ,1.... ,n — 1}, all partitions p \- n are 
m-regular, implying that the set of Wo-orbits of the m-linear residual points in this 
situation is in canonical bijection to the set of all partitions p h n of n. 

This is the case for example for type V and type VI classical unipotent affine Hecke 
algebras. 

But for m G (Z/2)>o (for all classical unipotent affine Hecke algebras of type I to IV, 
both m± are in this set) not all partitions p\- n are generic, in general. Slooten [Slo] has 
devised a general and uniform notion of a generalized ” distinguished unipotent class” in 
order to parameterize the set of Wo-orbits of the m-linear residual points in the cases 

^Here the root system B„ is realized as the set of linear functionals on Q” formed by ±Xi (with 
i = 1,. .., n), and {xi,..., Xn) the standard coordinates together with the set ±Xi ± Xj (with i ^ j). 
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as well. The generalized distinguished unipotent classes for m G Z>o are partitions A of 
2n + with distinct odd parts, and with length at least m. For m G (Z + l/2)>o they 
are partitions A of 2n + m^ — 1/4 = 2n+ , with distinct even parts, of length at least 

m — 1/2 = [mj. If A h 2n + \ m?\ is a distinguished unipotent m-class, then there exists 
a corresponding nonempty set of partitions p\- n whose sets of content vectors ^{m, p) 
are equal and form a VFo(i?n)-orbit of m-linear residual points whose jump sequence 
([HO, Slo]) is equal to (A — l)/2. This characterizes Slooten’s parameterization alluded 
to above. 

Given a distinguished unipotent m-class A h 2n -|- [m^J and a corresponding partition 
p\- n we will, by abuse of notation, often write instead of 

Recall that M C is a free abelian group. Let Mq C M be the subgroup generated 
by and the (linearly independent) set | n G Z>o} of cyclotomic polynomials. 
When we speak of the multiplicity of a cyclotomic polynomial in an element / G Mq 
we simply mean the exponent cyclj(n/2) of as an irreducible factor of /. Hence cyclj 
is a Z-valued function with finite support on (Z/2)+. (We apologize to the reader for 
this convention to divide the argument of cycl by 2, but this turns out to be convenient 
in the context of this paper.) If we say “/ does not contain <I>„ as a factor”, we mean 
that cycl(n/2) = 0. 

By Mobius inversion, {g” — 1 | n G Z>o} is also a linearly independent set in Mq, 
which generates the same subgroup as | n G Z>o}. We define a Z-valued function 
multj with finite support on (Z/2)_|_ such that multj(n/2) is the exponent of g'”’ — 1 if 
we express f as a product of a constant and powers of elements of {g^ — 1 | Z > 1}. If 
k £ {Z + 1/2)+, the multiplicity cycl(Zc) of the odd cyclotomic factor ^ 2 k in / can be 
expressed in terms of the multiplicities mult(fc') of the factors (1 — ) in / as follows: 

(5.1) cycl(A:) = ^mult(sZc). 

S>1 

We suppress the subscript / in mult/ and cycl/, if there is no danger of confusion. 


Recall the normalization of the trace 


r, 


m_ ,m+ 


(!) = <? 


,m+ 




—b\—n 


of a unipotent affine Hecke algebra of type I to VI. It contains only 

one odd cyclotomic polynomial with nonzero multiplicity, namely <hi has multiplicity 
—n. As a consequence we have the following obvious but important observation: Mod¬ 
ulo even cyclotomic polynomial factors, rational constants and powers of g, we have a 
factorization: 


(5.2) 


__ r*,R(p-,p+)} 
J •— f^rri— 


. n+,{ro.p_^} \ _ f f 

/^m+,m_ (^0,p- )k‘m-,m+ ('>^0,p+) ■— J-J+ 


Clearly, if the multiplicity of all odd cyclotomic polynomials in both factors on the right 
hand side is zero then the same thing is true on the left hand side. Remarkably, for 
classical unipotent affine Hecke algebras of type I to VI, the converse is also true: 


Proposition 5.1. Let r(p_ be a residual point for a classical unipotent affine Hecke 
algebra (^m_,m+)'^m-,m+) of type I to VI. If the support Supp(cycl/^) of cyclis not 
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contained in Z for at least one of /_ or /+, let p± + 1/2 € Supp(cyclj^) D (Z + 1/2) 
denote the maximal element. In this case we have: 


cyclf^{p± + 1 / 2 ) > 0 , 

In particular the support of cycl^ is not contained in Z in this situation either, and if 
p + 1/2 € Supp(cyclj) n (Z + 1/2) is the maximal element, then cyclj(p + 1/2) > 0. 

Consequently, if the left hand side of (5.2) has no odd cyclotomic polynomial factors, 
then the same is true for the two faetors on the right hand side of (5.2). 


In other words, the property of having no odd cyclotomic polynomial factors reduces 
to discrete series central characters Vlo(B„j_)(ro,pj_) with “real inhnitesimal” central 
character. We also point out the obvious fact that: 


(5.3) 


fi±,{ro.p±}, _ n±,{ro,p±} 


(ro,p±) 


modulo even cyclotomic factors, for any choice of G Z/4 such that the pair (m(p, m±) 
also belongs to a type I to IV, whose base parameter b' of is the same as for 

{m^,m±) (thus h' = b). We often choose as small as possible. For example, for the 
types V and VI we choose = 1/4, so that the expressions to analyze are both of the 
form with appropriate values for m and p. 

From here onward we may thus concentrate on the individual factors of the right 
hand side of (5.2), provided that we prove this positivity assertion on odd cyclotomic 
multiplicities for these factors, of course. We will omit the subscripts ± while we are 
foeusing on these individual factors (actually, the indication ± will be used a lot below, 
but with entirely different meanings). We will also ignore powers of q and rational 
constants since we are only interested in the g-rational factors (thus we can replace all 
factors of the form (1 — ( 7 “) by (1 — gl“l)). 


5.2. Reduction by standard STMs. The existence of the standard STMs is treated 
in [Op3, Fel, Fe2]. We will use them as a tool for the task at hand. Firstly, let us breifly 
discuss the effect of standard STMs on the level of /r-function, in terms of residual points 
and parameters m±. 

In Section 3 we have recalled that from [Op2, Definition 5.10], given a (standard) 
STM 


^ : n 


r 


H 


{s-,s+) 


of classical affine Hecke algebras of types I to VI, we have a corresponding morphism on 
the spectra of the centers of the corresponding Hecke algebras 


^ Spec2[5_ ,5^) 


which essentially preserves the formal degree [Op2, Theorem 6.11]. Explicitly, given a 
r(p_,p+) = {-^{bi,m_-,p_),T^{bum+-,p+)) residual points of there exists a unique 

orbit of residual points W 2 ,oT(;^_^a+) of ^(5 s+) such that 


^z(kFgor(p_^p_^)) = W2,or(A_,A+), 

where we may choose r(A_,A+) in the standard form: r(A_,A+) = (-r(b 2 , 5 _;A_)> r(t, 2 , 5 +;A+))- 
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The main property of STMs {loc.cit. ) implies the equality of residues: 

(5-4) f^s.,5+ (r(A_,A+)) = C.//m_,m++ (r(p_,p+)) 

for some constant c € Q ^. In this way we can analyze the g-rational parts of the formal 
degrees of T-L\_ on either side. Since we have enough standard STMs to map all 
unipotent Hecke algebras to a minimal object of ^dass, we may conclude that: 

Proposition 5.2. In order to prove Proposition 5.1 it suffices to prove this Proposition 
for the minimal objeets of (3.5). 

For a standard translation STM T [0p3, Section 3.2.6], the action of on Weyl 
group orbits of residual points is very simple when we use Slooten’s parameterization of 
such orbits in terms of “unipotent partitions”. Namely, if (A_, A+) is a pair of unipotent 
partitions with parameters (m_,m+) of type I, II, III or IV, and T translates this 
parameter pair to a pair then (A_,A+) is also a pair of unipotent partitions 

for the pair and 

'hz(IFo( ^(b,m_;A_)) ^(b,m+;A+))) ^{b,m'_;A_) j ^{b,m^;A^_)) 

Such standard translation STMs exist whenever the following conditions are satisfied: 

(i) m± € Z/2, 

(ii) m'_j_ lies between m± and 0, 

(hi) m± — m'_j_ € Z if m± G Z + 1/2, and m± — m'^ G 2Z if m± G Z. 

Apart from these translation STMs we have the spectral isomorphisms, which are 
generated by two isomorphisms which have the following effect on the orbits of residue 
points in their standard presentations: 

^(kFo( ^(b,m_;A_)) ^(b,m_|_;A_|_))) kFo( ^(b,m.|_;A+)) ^(b,m_ ;A_)) 

and 

V+O^oi ^{b,m_;A_)) ^{b,m-|_;A+))) bFo( ^(b,m_;A_)) ^(b,—m-|_;AY)) 

(where A^ is the conjugate of A+). 

Finally there are extra special standard STMs, whose action on the residual points 
involves the bijections described by the extra special algorithms. Let (m_, m+) be a pair 
of parameters of type V or VI, and p± partitions of r± such that r = r_ + r_|_. By the 
extra special algorithm, we have integers 5± and partitions X± for every input {m±,p±), 
and there exists a unique extra special standard STM T® : Thus 

4'|(M^l,o(-r(2,m_;p_),r(2,m+;p+))) = W/'2,0(-r(l,5_;A_), r(i,5^;A+)) 

It is a very important fact (a consequence of the above, and the extra special bijections) 
that every pair ((<!-, A_), ((5+, A+)) arises in the image of a suitable extra special STM. 

Consider types involving m G Z>o (i.e. types I, III, IV), a minimal object has param¬ 
eters ((5_, 5+) in the set {(0,1/2), (1/2,1), (0,1), (0,0), (1,1)}, hence at least one of is 
in {0,1}. Say 5 G {0,1}, and let A h 2n + d be a partition with odd, distinct parts. Let 

{m,p) GA ((5, A) 
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correspond each other through the extra-special algorithm, where the left pair is ex¬ 
pressed as an m-tableau Tm{p), and A is an odd distinct partition whose number of 
parts is congruent to 5 modulo 2. 

As mentioned above, all residue points of the form r(o,A) = ^{6=i,(5;A) are the image 
under an appropriate extra-special STM T : of a residue point of 

the form ^(^ 2 ,m+;p+)- Instead of analyzing formal degrees for the parameters (0,(5) (with 
b = 1) we can analyze the situation for the generic parameters (1/4, m) (with b = 2), 
and this turns out to be an important simplification. 

By the above reductions, in order to prove Proposition 5.1, it suffices to show that: 

Proposition 5.3. For all pairs {m,p) with p \- n a partition (possibly zero) and m G 
(Z ± 1/4)+ such that has odd cyclotomic polynomial factors ^ 2 p+i with 

nonzero multiplicity, the multiplicity of the odd cyclotomic polynomial <h 2 p^+i with pm G 
Z>o maximal such that ^2pm+i nonzero multiplicity in appears with 

positive multiplicity. 

The same statement is true for all 1/2-unipotent classes \ 2n (i.e. A h 2n has even, 
distinct parts), and factors of the form ^ 2 p+i o/A^ i/ 2 ^i/’ 2 ^^(^(o,a))- 

The proof of Proposition 5.3, hence of Proposition 5.1, as well as the classification 
of pairs {m, p) (with m G (Z ± 1/4)+ and p h n > 0) and 1/2-unipotent classes A for 
which no odd cyclotomic polynomials appear as a factor, will now be given in separate 
sections. 

5.3. Counting odd cyclotomic polynomials for the case 6 = 1/2. Let A h 2n 

be a partition with even, distinct parts, and let p h n be a partition of n such that 
the content vector ^(1/2, p) of the 1/2-tableau Ti/ 2 (p) has jump sequence (A — l)/2. 
Let h : {Z + 1/2)+ —Z>o denote the associated multiplicity function, that is, for all 
A: G (Z -|- 1/2)+ the number of boxes in Tj/ 2 (p) with filling k equals h{k). Recall from 
[HO, Section 4] that such a function h defining a linear residual point for Rq = and 
m = 1/2, is characterized by the following two conditions: 

(A) Let p be the largest half integral number in the support of h. Then h{p) = 1. 

(B) For all x > 1/2 we have h{x) G {h{x -t- 1), h{x -|- 1) -|- 1}. 

Let r := (0, 4 / 2 ;A)) b® fbe corresponding positive residual point for ^” 4^2 1 / 2 )' 

n ({rj) 

Lemma 5.4. The rational function ^ 4)2 1/2 ^ contains no odd cyclotomic polynomials 

if and only if h is given by 

, . , . {p-x + liit)<x<p 

P-'*) = \ 0 else 

If h is not of the form (5.5) then the highest odd cyclotomic polynomial factor ^ 2 j+i of 
A^i/ 2 ^ 1/2 appears in the numerator of ‘ 

Proof. Assume that Pi/ 2 ^ 4/2 contains no odd cyclotomic polynomial factors. We ignore 

powers of q and rational constants, allowing us to rewrite all factors in the form (1 — q^) 
with k > 0 (and we ignore factors of the form (1 -|- q*), since these only involve even 
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cyclotomic factors). These factors are linearly independent over Z in the abelian group 
K^, and thus have a well dehned multiplicity mult(A:) in 

Assume that p = 2/c ± 1/2 and that ^ < i < k — 1. A simple book-keeping using (2.4) 
(with I replaced by n) determines mult(2p — 2i) in terms of h as follows (the inequality 
2p — 2i > p + 3/2 insures that only the roots (txty)^^ (with possibly x = y) contribute 
to this multiplicity): 

(5.6) mult(2p — 2i) = h{p — i) {h{p — i) — h{p — z — 1) -|- 1) 

i 

-I- h{p — i x) {2h{p — i — x) — h{p — i — 1 — x) — h{p — i -|- 1 — x)) 

X=1 

Since 2p — 2i > p + and since all factors of the form (1 — q^) of have order 

less or equal 2p -|- 1, it is clear that mult(2p — 2i) represents the multiplicity of the odd 
cyclotomic polynomial ^ 2 p- 2 i as an irreducible factor of By assumption this 

multiplicity must therefore be equal to 0. 

For z = 0, the equation mult(2p) = 0 combined with (A) implies that 

h{p-l) = 2. 

Hence (5.5) holds for all x > p — 2. Now suppose by induction that (5.5) holds for all 
X > p —2j for some integer 1 < j < k — 1. Using this induction hypothesis we see that all 
summands of mult(2p—2j) for x < j—2 vanish, while mult(2p—2j) = 2j+2—h{p—2j — \). 
Hence we have h{p — 2j — \) =2j + 2, which implies, in view of (B) and h{p — 2j + \) = 2j, 
that 

Hp - 2j) = 2j + 1. 

Hence we find that (5.5) holds for all x > p — 2j — 2 as well. By induction this proves 
that h satisfies (5.5) if p = 2fc — 1/2 for some nonnegative integer k, and it shows that 
(5.5) is satisfied for all x > 1/2 if p is of the form p = 2k + 1/2. And we see that if h 

does not satisfy (5.5) in this range of values for x then the numerator of ^ 

odd cyclotomic polynomial. 


Finally, for p = 2A: -|- 1/2 we need to rule out the possibility that h{l/2) = p — 1/2. So 
assume that h{l/2) = p — 1/2. We compute the multiplicity of the odd cyclotomic poly¬ 
nomial = ^ 2 k+i: but now h{l/2) of the roots of the form txty^ also contribute in 

the denominator. To compute this multiplicity, the easiest method is to compare 

with the analogous product , where this time r' has one extra coordinate equal 

to compared to r. We already know that the multiplicity of ^p-\.i /2 in /^i/ 2 ^i/ 2 ^ is 
0 since h' (the multiplicity function of r') does satisfy (5.5). The difference with the 
multiplicity of 4>p+i/2 in /^i/ 2 ^i /2 consists of 2 extra factors in the numerator (coming 
from a factor of the form (1 — g^/^g^)^) and 3 more in the denominator (one coming 
from (1 — ggPg“^/^) and two from (1 — Hence the multiplicity of 4’p+i/2 in 
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^ 1/2 1/2 which violates our assumption. 


To sum up, we have shown in all cases that if h does not satisfy (5.5) then highest odd 
cyclotomic polynomial ‘^ 2^+1 (where we order the cyclotomic polynomials by the order 

of their associated roots) of ^ factor of the numerator. □ 


Corollary 5 . 5 . For 6 = 1/2, there exists a positive residual point r such that H^'i'2^11^2 
contains no odd cyclotomic polynomials if, and only if, n = r(r + l)/2 for some r > 1. 
In this case r = r((,=i,i/2;A)j where X = [2r, 2r — 2, 2r — 4,..., 2] h 2n = r(r + 1). This 
residual point represents a cuspidal STM 7^°/2 m ^ 1/2 1/2 m = r + 1/2. 

Define a,b £ Z>o by {2a, 26 + 1} = {r, r + 1}. If r is even, then a = b = r/2, and if r 
is odd, then a = (r + l)/2 and b = {r — l)/2. Then = d^^ ^ = d^{q)df{q). Let 

IT be the corresponding cuspidal unipotent representation. Then n is a representation of 
S02n+i(fc) if n = r{r + l)/2 with r = 0,3 (mod 4), and -it is a representation of the 
nontrivial inner form of SO 2 n+iik) if r = 1,2 (mod 4). 


Remark 5.6. Observe the following relation between h as in Lemma 5./ and 


Li/2,1/2- 


I^T/V/2= n (l + g")-("("+V2)+Mfc-i/2)). 

fcez+ 


5.4. Counting odd cyclotomic polynomial factors in the case m € (Z ± 1/4)+. 

Recall that to a pair (m, p) with a partition p and parameter m G (Z±l/4)+ we attached 
the linear residual point ^ whose coordinates are the fillings of the boxes of Tm{p). Recall 
(cf. [OS, Sections 6,7,8, especially Theorem 8.7]) that the VTo-orbits of L-generic residual 
points of TL\i^ are in natural bijection with partitions p oi r. A representative in the 
Wo orbit of residual points is given by Xp := exp(2/c^) with k = log(q') (see Subsection 
5.1). 

Via the extra special algorithm we get the corresponding odd distinct partition A. 
This gives rise to a residue point of 77 q (cf. loc.cit. , or [Slo]). The coordinates of 
rx are given by exp(^), where ^ is a linear residual point whose coordinates are given 
by k times the fillings of the boxes of a ^-tableau Ts{A) where A is a partition such that 
the tableau Ts{A) has distinct ^-extremities (in the sense of [Slo]) which are equal to 
(A — l)/2. (Such A always exist, and the orbit Wqxx does not depend on the choices of 
such A.) 


5.5. Reduction to certain rectangular diagrams. Given a pair (m, p) with m G 
(Z ± 1/4)+ and p h r a partition, let us introduce some notations associated to Tm{p). 

We denote the entries of the upper-left, upper-right and lower-left cornered boxes of 
Tmip) by m,p+,p- respectively. Note that p+ > m and p+ — m G Z. Let Om G [0,1) be 
determined by m — am G Z. Then the Om-diagonal inside the m-tableau indicates the 
change of congruence classes of the entries modulo Z. So, all entries of Tm{p) are in the 
same congruence class modulo Z if and only if p_ — m G Z. Denote the entry of the 
last box below p+ by r+, and the entry of the last box horizontal to the right of p- by 
r_. Below is an example of an m-tableau with p+ = 15/4, m = 3/4 = am,P- = 9/4 and 
r+ = 7/4, r_ = 5/4. 
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3/4 

7/4 

11/4 

15/4 

1/4 

3/4 

7/4 

11/4 

5/4 

1/4 

3/4 

7/4 

9/4 

5/4 



We will now study the odd cyclotomic polynomial factors in the g-rational part of 
residues of at a positive (or “infinitesimally real”) residue point 

ro,p. Since we neglect even cyclotomic polynomials of the regularized value of 
after substitution of (ti,... ,tr) by rp (whose coordinates all are odd powers of v) we 
can replace ^ by the following product (as usual, up to rational constants, powers 
of V, and characters of T): 


= (1 - g)-” n 

(5.7) 


(i-titjYii-tit- ) 


- l',2 


n (1 _ q2mQ{l - 


(1 - qHitj){l - q-Hitj){l - qHit- ^)(1 - q-Hit- ^) 
(mod Met,) 


Recall that the coordinates of rp are of the form where x G Z ± 1/4. Since 

we are only interested in |x|, and since the Weyl group allows us to change signs, we may 
and will choose rp in such a way that all its coordinates are of the form q^^ with x > 0. 
We remark however that the congruence class modulo Z of x and —x are distinct. This 
is a key fact in all that follows. 


We choose Weyl group elements w± such that w±(rp) has all its coordinates of the form 
with X (mod Z) = ±m. Then the multiplicity h±(x) of in w{rp) is independent 
of the choice of w±. This defines two multiplicity functions /i± : Z ± m —>■ Z>o which 
satisfy the obvious relation /i_(x) = h+{—x) for all x. 

The coordinates of u;+(rp) are the contents of the boxes of Tp{m, +), which is defined 
as the Young tableau of p with its boxes above or on the Om-diagonal filled like those of 
Tp{m), but below the Om-diagonal we multiply the contents of the boxes of Tp(m) by —1. 
Similarly, we define Tp(m, —) by multiplying the content of the boxes of Tp{m) above or 
on the Om-diagonal by —1, leaving the boxes below the am diagonal unchanged. Hence 
the multiplicity of the coordinate in w±{rp) is equal to the length of the x-diagonal 
in rp(m,±). 

Remark 5.7. We introduce the following convention. Given m G (Z ± 1/4)+, for 
X G Z ± 1/4 we adopt the notation x^ to denote the unique element x^ G {—x,x} such 
that x^ G Z ± m. For example, = ±m, and we always have = P+- 

Now we will analyze the multiplicity functions mult := mult/ and cycl(/c) := cycl/(/c) 
for / = {xq^p), and k > (p+ +p_)/4. Let k G Z>o + 3/2 (we use 3/2 here, and 

not 1/2, because this turns out to be more convenient, and since our normalization of 
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Haar measures makes sure that the factor <hi = q — 1 has multiplicity 0 in the formal 
degree of any discrete series character). We will need to consider the functions mult(dA:) 
for d = 1, 2 or d = 4. As seen below, we distinguish between various contributions, 
coming from factors associated to different types of roots: 

• mult+(A:) and mult_(/c): For the function mult±(/c) we take into consideration 
the contribution to (1 — (f'^) from the (1 — titj)^-terms in the numerator, where 
ti, tj are coordinates of r(;±(rp) (hence ti = tj = and x,y are both in 
the congruence class of m (mod Z) or —m (mod Z)), the factors {1 — q^titj) and 
(1 — q~‘^titj) in the denominator for such ti,tj, as well as the factors (1 — 

In this way, any (unordered) pair of boxes of Tp{m, ±) with contents x and y 
such that x + y > 3/2 contributes +2 to mult+(x + y) and —1 to mult+(x + y + l) 
and mult+(x + y — 1). Moreover, every single box of Tm{p) contributes +2 to 
mult+(2x). Note that the maximal entry p± occurs only once in Tm{p) (for we 
need to assume pi = p_ here). This implies in all cases easily that mult±(A:) = 0 
for k > 2p±. 

• mult+^_(2A;): Consider factors of the form (1 — g^^) = (1 — q^^){l + q^^), where 
4/c equals twice an odd number. In mult+^_(2A;), we count such factors of 

^ 1/4 arising from type D-roots, via factors of the form (1 — (in 

the numerator) or (I — q^titj) or 1 — q~‘^titj) (both in the denominator), with ti 
a coordinate of rc+(rp), and tj a coordinate of W-{rp). 

In such terms, the pair {i,j} corresponds to a pair of boxes, one with entry 
of Tm{p, +) and one with entry y~ of Tm{p, —), thus in different congruence 
classes modulo Z. (If Tm{p) contains entires below the Om-diagonal, then x'^ is 
on or above the Om-diagonal, and y~ is below that diagonal in Tm{p)-) In the 
numerator terms we need that 2k = x^ + y~ is an odd integer. 

Then ti = q^^* is a coordinate of tc+(rp), and tj = q^^ is a coordinate of 
W-{rp). The cardinality of the set of unordered pairs {i,j} such that the cor¬ 
responding coordinate pair {ti,tj} of Xp satisfies {ti,tj} = {q‘^^^,q'^^ } (with 
x^ + y~ odd) is h^{x^)h-{y~). Each such pair contributes +2 to mult+^_(x''' + 
y~). On the other hand, an unordered pair of such boxes with x"*" + y~ even 
contributes —1 to mult+^_(x+ + y~ — 1) and to mult+^_(x''' + y~ + 1). Notice 
that mult+^_(2/c) = 0 if 2A: > p+ + pi, for obvious reasons. 

• mult+__(4A:): Similar as for mult+^_(2/i;), but now counting the multiplicity of 

the factors of the form (1 — q^^) = (1 + q^^){'\- + q^^){\ — q^^), where 8/c is 
four times an odd number. For factors in the numerator we are thus search¬ 
ing x,y such that 4:k = x'^ + y~ = 2 (mod 4). In the denominator terms we 
should solve 4A: = -t- ± 1 = 2 (mod 4). (Since our overall assumption will 

be that 4:k > (p+ -|-p_), mult+__(4/c) is possibly nonzero only for the smallest 
values of k in our range, depending on the congruence class of p+ +p- modulo 4.) 

• The terms —h±{k^m), coming from the denominator in the second line of (5.7), 
as well as the possible contributions from this denominator to (1 — q^^) via a 
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contribution to (1 — and (1 — q^^), in other words the terms —h±{2k ± m) 
and —h±{4:k ± m). 

To sum up, we have for k € {Z + 1/2)+: 

(5.8) mult(A:) := (mult+(A:) — h+{k — m)) + (mult_(A:) — h-{k + m)) 
while for n G Z>o we have: 

(5.9) mult(n) := (mult+^_(n) — h-{n — m)) — /i+(n + m) 

We shall now compute each of these functions in terms of h- and /i+. Note that both 
2p+ — k and 2p_ — k are integers since p+,p- G Z ± 1/4 and k G (Z+ + 1/2)+. 

First look at the factors 

_ (1 - tjtjf' _ 

(1 - qHitj){l - q-Hitj)' 

To find out the multiplicity mult+(/c) of the factor (1 —(7^^), we separate two cases, based 
on the parity of 2p+ — k. 

Case (i): 2p+ — k = 2i is even. Then 

(5.10) 
mult+(A:) 

^ ^ 1 

=2^ /i+(p+ - i + x)h+{p+ -i-x) + 2x -h+{p+ - i)[h+{p+ - i) - 1] + 2h+{p+ - i) 

X=1 

i i 

— /i+(p+ — i + x)/i+(p+ — i — X + 1) — /i+(p+ — i + x)/i+(p+ — i — X — 1). 

X=1 X=0 

Because of Utj = with i < j, we need to count twice the multiplicities 

of the entries in the Young diagram whose sum is k (corresponding to (1 — an 

subtract once those with sum k + 1 (corresponding to 1 — q^titj) and similar for k — 1 
(corresponding to 1 — q~‘^titj). For the first case we add the terms 2/i+(x)/i+(y) for 
(x,y) a solution to x + y = k with p+ > x > y and x,y = p+ (mod Z). The solutions 
to this equation yield the first 2 terms in the formula (the second term corresponds 
to X = y = k/2 = p — i). The third term corresponds to the factor (1 — t^)^ in the 
T^-function. The last two terms correspond to the factor (1 — q^titj){l — q~‘^titj). 

We introduce the A-operator which is defined by 

(5.11) Ah{x) = 2h{x) — h{x + 1) — h{x — 1), 
and the “jump function” for all x: 

(5.12) J±ix) = h±{x) — h±{x + 1) G {—1,0,1}. 

With these notations we can rewrite the formula of mult+(A:) neatly (if k = 2p+ — 2i): 
i 

mult+(A:) = ^/i+(p+ - i + x)A/i+(p+ - i - x) + h+{p+ - i)[l - J+(p+ - i - 1)]. 

X=1 
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Case (ii); 2p_|_ — A: = 2i — 1 is odd. In this case for the numerator we lose the terms 
corresponding to (/c/2,/c/2) because of parity, and also (1 — does not contribute 
because of parity. But for the denominator we have the contributions corresponding to 
{x,y) with X = y = {k + l)/2 and x = y = {k — l)/2. So the formula becomes: 

mult+(A:) 

i 

=2 ^ h+{p+ - i + x)h+{p+ - i — x + l) 

X=1 

* 1 

- ^+(P+ ~ * + ^)h+iP+ -i-x)- -h+{p+ - i)[h+{p+ - /) - 1] 

X=1 

- h+{p+ -i + x + l)h+{p+ -i-x + 1)- -h+{p+ - i + l)[h+{p+ - / + 1) - 1] 

X=1 

Using A and J± we can rewrite this formula as (for k = 2p+ — 2/ + 1) 

^ 1 

mult+(/c) = '^h+{p+-i+x)Ah+{p+-i-x+l)+-[h+{p+-i+l)+h+{p+-i)][l-J+{p+-i)]. 

X=1 

For all /c € Z>o + I we can formally write 

(5.13) mult+(/c) = /i+(x)A/i+(y) +ii+(/c) =: M_|_(/c) +i?+(/c), 

x-\-y=k, p^>x>y 
x=y=m (mod Z) 

where the “remainder” R+{k) denotes the term which is not in the summation symbol 
of the above formulae. Observe that R+{k) > 0. 

By virtue of symmetry we obtain the formula of mult_ (/c) from the formula of mult+ (/c) 
by replacing + by —. But it is important to observe here that the contributions of 
(1 — tl)"^ of the form (1 — g^^) with k = 2m (mod 2Z) contribute to mult+(/c), while 
those with k = —2m (mod 2Z) contribute to mult_(/c). Together this we have used all 
such contibutions coming from this factor of the ^-function exactly once. Hence we may 
write 

(5.14) mult_(/c) = ^ h-{x)Ah-{y) + R-{k), 

x-\-y=k, p—>x>y 
x=y=—m (mod Z) 

with R-{k) > 0. 

Remark. Observe that J-{x) + J+(—x — 1) = 0 for all x G Z ± 1/4. 


Next, we consider the term 


_ (1 - tjtj f _ 

(1 - q^titj){l - q~‘^titj)' 
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where we take U and tj from opposite congruence classes modulo Z. Then c(i)+c(j) G Z. 
The contribution to an odd cyclotomic factor (1 — (with 2/c G 2Z + 1) from terms 
of this kind comes from their contribution to the factor of the form 1 — g2(ch)+c0) 
c(i) + c(j) = 2k or 4A: (and not k, because c(i) + c(j) G Z now). This readily yields: 

(5.15) mult+^_(2fc) = /i+(a)A/i_(6) = A/i_|_(a)/i_(6). 

a-\-b=2k a-\-b=2k 

a—m^b-\-mGZ a—m, 6+mGZ 

The second equality holds by symmetry. 

Finally, in our range k > (p+ +p_)/4, we need to subtract the multiplicity of the 
odd cyclotomic polynomials occurring in the factors (1 — (1 — and (1 — g®^) 

appearing in the denominator of the factors 

1 

(l-g2mt^)(l-g-2«^t^)' 

This yields 12 contributions to mult(/c): —h±{k =F w.); —h±{2k ± m) and —h±{4:k ± m). 

Now we turn to give criterion for cycl(A:) = 0. 

Lemma 5.8. Assume that {m,p) (with p a partition of the rank r) is such that for the 
odd cyclotomic factors of f = m^^(^o,p) we have cycl{k) = 0 for all A: G (Z + 1/2)+ 

and k > p+. If r = 1 then m = 1/4. Otherwise Tm{p) contains boxes below the Om- 
diagonal (so pZ = P- if r > 1). 

Proof. If r = 1 then / = {q — l)~^{q‘^^ — l) modulo even cyclotomic factors. Hence unless 
4m = 1 we have cycl(2m) = 1 and k = 2m > p+ = m, contradicting the assumption. 

Suppose that r > 1, and that Tm{p) has no entires below the Om-diagonal. Put k = 
p+ + r+ G (Z + l/2)+. Now mult+(A:) —/i+(A: —m) > 1 by (5.13) (use that A(/i+)(r+) > 1 
and that A(/i+)(m) > 1, and that for all y such that r+ < y < p+ and y ^ m, we have 
A{h+){y) = 0). Since clearly 2k > p+ + pZ, we thus have mult+__(s/c) = 0 for all s > 0. 
Also 2k Pm > p+ > pZ, so h±{2k ± m) = 0, and k + m > pZ so h-{k + m) = 0. Hence 
(5.1), (5.8), (5.9) imply that cycl(A;) = mult(/i:) > 0, contradicting the assumption. □ 

Corollary 5 . 9 . Assume {m, p) as in Lemma 5.8, and r > 1. Then p+ + > 1. If 

A; G (Z + 1/2)+ satisfies mult(2A:) ^ 0 then k < (p+ + p- + l)/2 if p+ + p- € Z is even, 
and k < (p+ +p_)/2 otherwise. 

Proof. If r > 1 then p_ = p_, i.e. p- is in a different class modulo Z than p+. It is 
immediate that p+ +p_ > 1. Looking at (5.9), (5.15) we see easily that for k above the 
indicated bounds, mult(2A:) = 0 (use that p+ > m, and that pZ = P-). □ 

Lemma 5.10. Assume that {m,p) is as in Lemma 5.8, and r > 1. Then pj,. >p_. 

Proof. We have already shown that p+ and p- are in different classes modulo Z. Assume 
on the contrary that p- > p+. If r_ would be below the Om-diagonal too, then (5.14) 
implies that for A: = + r_ > > p+ we have (mult_(fe) — h-{k + m)) > 0. But by 

the previous Corollary, mult(2A:) = 0 because +r_ > (p+ +p_)/2 by our assumption. 
By (5.1), (5.8), (5.9) our assumption cycl(A:) = 0 implies that mult+(A:) —/i+(A: —m) < 0. 
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But from (5.13) it then follows that fe' = + r+ > k, because k' is the largest argument 

such that mult+(A:') — h^(k' — m) ^ 0. As we have seen, mult+(A:') — hj^{k' — m) > 0, 
and the considerations above concerning the other terms in cycl(fe) hold a fortiori for 
k' > k. Thus cycl(fe') > 0, a contradiction. Hence we conclude that r_ has to be above 
the am-diagonal. This implies that the largest part — m + 1 of p must be at least 
P- + Om + 1 j since this is now smaller than or equal to the length of the smallest part of 
p. Thus > p- + Qm + rn > P-, contradiction. □ 

Lemma 5.11. Assume that {m,p) is such that cycl{k) = 0 for all /c G (Z + 1/2)_|_ with 
k > (p+ +p_)/4. Then all parts of p are equal, i.e. the tableau Tm{p) is rectangular. 

Proof Clearly we may assume without loss of generality that r > 1. Assume first that r_|_ 
is above the Om-diagonal. Put kf := p+ + r+, (the notation kf is not to be confused with 
the notation for x € Z ± 1/4 as in Remark 5.7), then mult_|_(A:/') — /i+(fc/' — m) > 0. 
It follows from (5.9) that the largest argument k' for which mult(/i;') 7 ^ 0 is either k^ or 
kf := p-+rZ if kf > k'^. In any case, ki := max{A;^, kf}>k'^ = p++r+ > (p++p_)/2 
(the inequality follows from Lemma 5.10), and mult(A:i) > 0. 

Our assumption cycl(A:i) = 0 and (5.1) now force that mult(2fci) 7 ^ Q. Corollary 5.9 
then implies that ki < (p+ +p_ + l )/2 (if is even) or ki < (p+ +p _)/2 (if 

+ p- is odd). In the second case we reach a contradiction with the above, so we 
conclude that + p- is even, and that ki = k'^ = (p+ + + l)/2. Then (5.9) and 

(5.15) imply that mult(2A:i) = (mult(2A:i) —/i_(2A:i —m)) < h-{2ki —p+ — 1) = 1, so that 
fc/" = kf is not allowed (since that would imply that mult(A:i) = 2 , so that cycl(A;i) > 1 , 
a contradiction). Thus kf < 

Now notice that 2k'l = 2p+ + 2r_|_ = +p_ + 1, implying that + 2r+ = p_ + 1, so 

that 0 < 2 r_|_ = 1 + p_ — p_|_ < 1 . It follows that r_|_ = 1/4, and + 1 / 2 . Suppose 

now that r_ is still below the am = 1/4-diagonal, then r_ > 3/4 and kf = p- + r- > 
p_i_ -|- 1/4 = kf, contradicting our earlier conclusion that kf < kf. Thus r_ must be 
above the Om = 1/4-diagonal, and in fact we must have r_ = r+ = 1/4. We finally 
conclude that Tm{p) is a square diagram with m = 1/4, and = n-|-l/4, = n — 1/4 

and r_ = = 1/4. This finishes the case where r+ is above the diagonal. 

Next assume that r+ is below the am-diagonal. Then r_ is below the Om-diagonal as 
well. This implies in particular that either r_ = (which is what we want to show) or 
otherwise r_ — r+ > 2 . 

We have seen that the largest argument ki for which mult(A:i) > 0 is fei = max{A:^, kf}, 
where this time (because of the congruence classes of r_ and r_|_ modulo Z) A:/" = — r_|_ 

and kf = -|- r_. Since cycl(A;i) = 0 we must have that mult(2A:i) 7 ^ Q, which implies 

by Corollary 5.9 that ki < (p+ +p- + l)/2 (if +p- is even) and ki < (p+ +p-)/2 (if 
+p- is odd) as before. We note that mult(p+ +p- -|- 1) = 1 in the first case (p+ +p- 
even), while mult(p+ -\-p-) = 2 in the second case. Assume that +p- is even. Then 
p+-|-p_-|-(r_—r+) = k()+kf < 2ki < p^+p^ + l. Thus r+ = r_, as we intended to show. 
Next assume that +p- is odd. Then +p- + (r_ — r+) = kf + kf < 2ki < +p-. 

Again it follows that r_ = r+, and we are done. □ 

Corollary 5.12. In the notations of the proof of Lemma 5.11, put r_ = r_|_ := r. We 
have m> r, and r = m (mod Z) if and only if m = r = 1/4. 
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Proof. It was shown in the proof of Lemma 5.11 that r = m (mod Z) implies that 
m = r = 1/4. If r ^ m (mod Z) then Lemma 5.8 and Lemma 5.11 imply that p- = r 
(mod Z), and by Lemma 5.11 it follows that — m = p- — r, or m — r = —p_. The 

assertion now follows from Lemma 5.10. □ 

Theorem 5.13. Assume that {m,p) is such that cycl(A;) = 0 for all k G (Z + l/2)_|_ with 
k > (p+ +p_)/4. Then {m,p) is one of the following possibilities: 

(a) m is arbitrary and p is zero. 

(b) m = 1/4 and p is a square diagram, so that r_ = r+ = 1/4. 

(c) m = 3/4, and p is a rectangular diagram such that r_ = = 1/4. In this case 

we can write = n + 3/4, = n + 1/4 for some n G Z>o. 

(d) m = 5/4, and p is a rectangular diagram such that r_ = = 3/4. In this case 

we can write = 2n + 5/4, = 2n + 3/4 for some n G Z>o. 

(e) m = 7j4:, and p is a rectangular diagram such that r_ = = 1/4. In this case 

we can write p+ = 2n + 7/4, = 2n + 1/4 for some n G Z>o. 

If {m, p) does not belong to any of these cases, the largest k(^rn,p) € Z + 1/2 for which 
cycl(/i:(m,p)) 7^ 0 should satisfy k > (p++p_)/4. In that case we will have cycl(A:(m,p)) > 0. 

Proof. We have seen in the proof of Lemma 5.11 that if p is not zero and r+ is above 
the Om-diagonal, then we are in case (b). 

Hence we now assume that p is not zero and r := r_|_ = r_ is below the am-diagonal. 
We are left with the task of proving that we are in one of the cases (c) to (e). 

Since we are assuming k > (p+ +p_)/4, we see that cycl(A:) = mult(A:) + mult(2fe) + 
mult(3A:) + mult(4A:). For the same reason, we see that cycl(3A:) = mult(3A:) = 0 (the 
latter equality holds by assumption). Hence 

(5.16) cycl{k) = mult(A;) + mult(2A:) + mult(4/c). 

We will see that mult(/c) for /c > 1/2 is given by the remarkably simple explicit formula 

(5.17) , and that mult(A:) > 0. In the proof below we analyze the implications of the 
requirement that mult(2/c) +mult(4/c) cancels mult(/i;) for k > (p_ +p+)/4. 

Following the steps and notations of the proof of Lemma 5.11 we put ki = max{A:j", A;^}, 
with kf = p±^r. Then ki is the largest argument for which mult(A:i) ^ 0. Using (5.13), 
(5.14), and (5.8) the rectangular shape of Tm{p) implies that for all k > 1/2: 

(5.17) mult(A;) = /i+(/c + r) + /i_(A: — r) > 0. 

The simplicity of this formula is somewhat deceptive. One uses that A{h±){y) = 1 if 
y = ±m or y = A(/i±)(y) = -1 if y = ±(p+ + l) or y = =F(p_ + l), and A{h±){y) = 0 

otherwise. For example, to see that mult+(/c) — /i+(A: — m) = h-^-{k + r) for all k > 1/2, 
one checks that for k > 2m we have 

M+(A:) := /i+(A: — m) + h+{k + r) — h+{k +p_ + 1) = h+{k — m) + h+{k + r) 

and R+{k) = 0; for m — r < k < 2m we have 

M+{k) := h+{k + r) - h+{k +p_ + 1) = h+{k + r), 

and R+{k) = h^{m) = h^{k — m); while for 1/2 < k < m — r we have M^{k) = 
h^{k + r) — h+{k + p- + 1) and R+{k) = /i+(m), where we observe that h+{k — m) = 
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h+{m) — h+{k + p- + 1). Similar observations apply to show that 

mult_(fe) — h-{k + m) = h-{k — r). 

The function hj^{k + r) is zero for k > k^ = p+ — r, then equals the linear function 

I + kf — k for m — r < k < kf + 1, and then is constant for 1/2 < k < m — r. 

The function h-{k — r) is zero for k > k// = + r, then equals the linear function 

1 + k// — k for 2r < k < k// + 1, and then is constant for 1/2 < k < 2r. 

Let us now look at mult(2A;). By (5.9) and (5.15) we have in the rectangular case: 

mult(2A:) = mult+^_(2/i;) — h-{2k — m) — h+{2k + m) = —h-{2k — — 1) 

for all k > (p+ +p_)/4. Here we used that h+{2k + m) = 0 if A: > (p_ +p+)/4, because 
{p- + p+)/2 + m = + (m + r)/2 > To describe the function mult(2A:) in this 

range, we distinguish the following cases for later reference. 

(a) + p- and + r are both even. Then the function mult(2/c) is zero for 

k > (p+ + p_ + l)/2, it equals the positive linear function 2k — 2 — p+ — p- 
for k 2 ='■ {p+ + r + l)/2 < k < (p+ + p_ + l)/2 := k 2 , and is constant for 
(p+ +p_)/4 < k < {p+ + r + l)/2 := k^ (so ^2 = /cf here). 

(b) + p- even and + r odd. Then the function mult(2A:) is zero for k > 

(p+ + p- + l)/2, it equals the positive linear function 2A: — 2 — — p_ for 

^2 (p++r+2)/2 <k< (p++p_ + l)/2 := A:2, and is constant for (p++p_)/4 < 

k < (p+ + r)/2 := k^ (so k^ = k^ — 1 here). 

(c) + p- odd and + r even. Then the function mult(2A:) is zero for k > 

(p+ + p-)/2, it equals the positive linear function 2A: — 2 — for k^ =: 

(p+ + r + l)/2 < A; < (p+ +p_)/2 := k 2 , and is constant for (p+ +p_)/4 <k< 
(p+ + r + l)/2 := k 2 (so k^ = k^ here). 

(d) + p- and + r are both odd. Then the function mult(2A;) is zero for 

k > (p+ + p-)/2, it equals the positive linear function 2A; — 2 — — p_ for 

^2 (P+ + ^ + 2)/2 <k< (p++p_)/2 := k 2 , and is constant for (p++p_)/4 < 

k < (p+ + r)/2 := k^ (so k^ = k^ — 1 here). 

We will also need to consider the largest value A;4 G Z + 1/2 such that mult(4A:4) ^ 0, 
assuming that this A:4 satisfies A;4 > (p+ +p_)/4. By (5.15) we have: 

mult(4A:) = (mult+^_(4A:) — /i_(4A: — m)) = —/i_(4A: — — 1) 

Hence the summand mult(4A:) is possibly nonzero only for the smallest values of k in 
the range k > (p+ + p_)/4, since h-{Ak — p+ — 1) / 0 implies that 4A: < p_|_ + p_ + 1. 
Considering that 4A:4 = 2 (mod 4) we make this more precise: Let A;4 be the largest 
A: G (Z + 1/2)+ for which mult(4A:4) 7^ 0. 

(i) If p+ +p_ = 1 (mod 4) then A;4 = (p+ +p_ + l)/4, and mult(4A;4) = —1; 

(ii) If p+ +p_ = 2 (mod 4) then A:4 = (p+ +p_)/4, and mult(4A:4) = —h-{p- — I); 

(hi) If p+ +p_ =0 (mod 4) then A:4 = (p+ +p_ — 2)/4, (and so is not in our range); 

(iv) If p+ +p_ = 3 (mod 4) then A;4 = (p+ +p_ — l)/4, (and so is not in our range); 

We see that always k 2 > k^, and k^ is either not in our range or it is the smallest argu¬ 
ment in our range. 
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A function defined on Z + 1/2 is the restriction of a unique continuous piecewise lin¬ 
ear function on M whose intervals of linearity have end points in Z -|- 1/2. For niult(2A:) 
we distinguish the following “events” k 2 ,k 2 ,k 2 G (Z -|- 1/2)_|_: It is zero for k > k 2 , it 
is negative and linear on [k^, ^2], and it is constant again on [k^, k^], with 0 < k^ — k^ < 1- 

We define k^ G Z -|- 1/2 to be the largest argument such that mult(2A;2) is strictly 
larger than the value of the linear function hik) := 2k — 2 — — p- at k^ describing 

mult(2/c) on the interval [k!^, k 2 ]. Then k^ = k^ — 1 in cases (a) and (c), while k^ = k^ in 
cases (b) and (d). We define the mult(2A:)-(ieyjcif d 2 = mult(2/c2) — hik^) > 0 at k^ to 
be the difference between mult(2/^2) and this linear expression evaluated at k^- Hence 
the deficit equals 2 for the cases (a) and (c), and 1 for the cases (b) and (d). 

It is immediate that the condition cycl(A;) = 0 for all k > (p+ -|-p_)/4 forces that 
ki := max{A:^, kf} = k 2 - Notice that we also have k'^ + kf = 2k2 — 1 in the cases (a) 
and (b), and k'^ + kf = 2k2 in the cases (c) and (d). Hence in the cases (a) and (b) we 
have \k'^ — kf\ = 1, while for the cases (c) and (d) we have k'^ = kf. We see that in 
these cases, the linear expression representing mult(A:) just below ki, cancels the linear 
expression of mult(2/i;) just below k 2 . We also see that if ki 7^ k 2 , then ki > k 2 , and 
thus cycl(A:i) = mult(fei) > 0. 

We denote by k^ the largest argument for which there is a positive deficit di = 
ii{kl) — mult(/cf) > 0 between mult(A:) and the linear expression valid for mult(A:) 
with ki < k < fei + 1. From the analysis below (5.17), we see that ki = min(m —r, 2r) —1, 
and that di = 2 if m — r = 2r, while di = 1 else. We now have more possibilities to 
distinguish. 

(a’) As in case (a), where we impose in addition that kf = kf + 1 = ki = k 2 - This 
implies that kf^ = P± T ^ = (p+ + P- ± l)/2, thus p^ — p- = l + 2r = m — r 
(recall that, from the rectangular shape of Tm{p), we have p+ — m = p_ — r), so 
that m = 3r-|- 1. Hence ki = min(m —r, 2r) = 2r, with deficit di = 1. Moreover, 
ki = (p+ + r — l)/2 = (p_|_ -|- p_ -|- 4r — l)/4 with deficit d2 = 2. Notice that 
k^ — k1 = (p+ — 3r — l)/2 = (p+ — m) > 0. 

(a”) As in case (a), where we impose in addition that kf = k^ + 1 = ki = k 2 - This 
implies that kif = p±^ r = (p+ -|- p_ =F l)/2, thus p_|_ — p_ = —1 + 2r = m — r, 
so that m = 3r — 1. Hence ki = min(m — r, 2r) = 2r — 1, with deficit di = 1. 
Moreover, k^ = (p+ + r —1)/2 = (p_|_-|-p_-|-4r —3)/4 with deficit d2 = 2. Observe 
that k^ — ki = (p+ — 3r -|- l)/2 = (p+ — m) > 0. 

(b’) As in case (b), where we impose in addition that kf = kf + 1 = ki = k 2 - This 
implies that k^ = P± T ^ = (p+ + P- ± l)/2, thus p+ — p_ = 1 -|- 2r = m — r, 
so that m = 3r -|- 1. In this case ki = min(m — r, 2r) = 2r, with deficit di = 1. 
Moreover, k^ = (p_|_ -|- r)/2 = (p_|_ -|- p_ -|- 4r -|- l)/4 with deficit d2 = 1. Hence 
k^ — ki = (p+ — 3r)/2 = (p+ — m -|- 1) > 0. 

(b”) As in case (b), where we impose in addition that kf = kf + 1 = ki = k 2 - This 
implies that kf = p± ^ r = (p+ + p_ =F l)/2, thus p+ — p_ = 1 -|- 2r = m — r, so 
that m = 3r — 1. In this case ki = min(m — r, 2r) = 2r — 1 with deficit di = 1. 
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Moreover, = {p+ + r)/2 = (p+ + + 4r — l)/4 with deficit d 2 = 1. Hence 

/c2 — A:f = {p+ — 3r + l)/2 = — m + 2) > 0. 

(c’) As in case (c), where we impose in addition that = kf = ki = k 2 - This 
implies that kf = p± ^ r = (p+ + p-)j2, thus p+ — p- = 2r = m — r, so 
that m = 3r. In this case = 2r — 1 with deficit di = 2. Moreover, k^ = 
(p+ + r — l)/2 = (p+ + + 4r — 2)/4 with deficit ^2 = 2. Hence k^ — kf = 

(p+ — 3r + l)/2 = (p+ — m + 1) >0. 

(d’) As in case (d), where we impose in addition that k^ = kf = ki = k 2 - This implies 
that kf = p±^r = (p+ +p_)/2, thus = 2r = m — r, so that m = 3r. In 

this case kl = 2r — l with deficit di = 2. Moreover, k^ = {p+ + r)/2 = (p++p_ + 
4r)/4 with deficit d 2 = 1. Hence k^ — kl = (p+ — 3r + 2)/2 = (p+ — m + 2) > 0. 

This shows that in all cases, k^ > kf, and if kf = k^ then di < d 2 - This implies that 
always mult(/i;2) + mult(2/^2) > 0 if is in our range, i.e. if k^ > (p++p_)/4. Therefore, 
cycl(A;) = 0 for all k > (p+ +p_)/4 could only happen if one of the following possibilities 
hold: Either k^ < (p++p_)/4, or else (p++p_)/4 < k^ < /c4, and cycl{k) = (mult(/c2) + 
mult(2A;2)) +mult(4A:2) = 0. We have already mentioned above that k^ > (p+ +p_)/4 
implies that A;4 is the smallest element of Z + 1/2 that satisfies this inequality. In other 
words, the second possibility mentioned is equivalent to (p+ +p_)/4 < k^ = A:4. 

If /c2 < {p+ +p-)/4, by the expressions of k^ in every case above, we must be in 
case (a”) or (c’) with r = 1/4. In the first case that would imply m < 0, which is 
absurd. In the case (c’) we get a solution, with r = 1/4, m = 3/4, = (2n — 1) + 3/4, 

P- = (2n — 1) + 1/4. This is the odd rank case of Theorem 5.13(c). 

Next we analyze the case (p+ +p_)/4 < k^ = k^. One reads off from the above 
list of cases that this implies that we are either in the case (i) and (d’), with r = 1/4, 
m = 3/4, = 2n + 3/4, and = 2n + 1/4 (here ^2 = 1 = mult(fc4)), which is the 

case of Theorem 5.13(c), or in case (ii) and (a’), with r = 1/4 and m = 7/4, which gives 
Theorem 5.13(e), or in case (ii) and (a”), with r = 3/4 and m = 5/4, which is case 
Theorem 5.13(d). In the latter two cases we have ^2 = 2, and mult(A:4) = 2 if fcf < k^, 
while mult(A:4) = 1 = di if fcf = k^- 

Observe that in the course of the proof, we also checked that if a pair (m, p) does not 
belong to one of the cases listed in Theorem 5.13(a)-(e), then there exist k G Z + 1/2 such 
that k > (p++p_)/4 and cycl{k) 7^ 0, the largest of which satisfies cycl(fe(^ p)) > 0. 
This concludes the proof of all assertions. □ 

5.6. Counting odd cyclotomic polynomial factors for the cases 5 € {0,1}. As we 

have already explained in Subsection 5.2, the statements about odd cyclotomic factors 
of follow from the results of the previous paragraph by application of the extra¬ 

special STMs. We now translate the results to the cases 6 G {0,1} using the extra-special 
bijection. 

Corollary 5.14. Suppose that 5 G {0,1} and let r be a positive residual point such that 
has no odd cyclotomic factors. Then r is of the form r = with A h <5 -|- 2n a 
partition with odd, distinct parts. The pair (6, A) must belong one of the following cases: 

(a) Choose m G (Z ± 1/4:)+ and define k G Z>o and e G {0,1} by writing m = 
K+ {2e — l)/4). Define A = [1 -|- 2e, 5 -|- 2e,..., 4(«: — 1) -|- 1 -|- 2e], and 5 G (0,1} 


46 


YONGQI FENG AND ERIG OPDAM 


by K = 5 (mod 2). Define n by 2n -\- 5 = 2 k? + (2e — 1 )k. Then rx represents 
a cuspidal (extra-special) unipotent STM ^o<s- particular, modulo 

powers of q and rational constants, we have = ^ 5/4 m ( ^i /4 m 

( 3 . 4 )), and for all these cases indeed has no odd cyclotomic factors. 

(b) For r € Z>o, put A = [1, 3,... , 4r + 1,4r + 3] h 2n with n = 2(r + ifi, and put 
(5 = 0. Then r = represents a cuspidal unipotent STMTLq^ ^ 

m = 2{r + 1), and = {dO{q)fi with a = (r + 1). In particular, for all 

these cases indeed has no odd cyclotomic factors. (Note: We consider 

the empty diagram with 6 = 0 as belonging to case (a).) 

(c) For r € Z>o, put A = [1, 3,... , 4r + 3,4r + 5] h 2n + 1 with n = 2(r + l)(r + 2 ), 
and put (5 = 1. Then r = rx represents a cuspidal unipotent STM TLq ^ T?oi 

with m = 2r + 3, and 1 ^^^^ = {df{q))‘^ with 6 = (r + 1). In particular, for all 
these cases /^g indeed has no odd cyclotomic factors. 

(d) Let r € Z>g, put n = 8(r + 1)^ — 1, A = [3,5, 7,... , 8r + 5,8r + 7] h 2n + 1 and 
(5 = 1. In this case, modulo powers of v and rational constant, we have 


(5.18) 


n,({r}) _ (1 -g4(r+l)) ({r,}) 

^0.1 “ (1 — 9) 


(1 - g4(r-+l)) 
(1-^) 




where r' = ry with X' = [1, 3, 5,... , 8r + 7] (then r' = (1, r )), and a = 2(r + 1). 
In particular, Aig has no odd cyclotomic polynomials as factors if and only 
if r = 2^ — 1 for some s > 0. 

(e) Let r G Z>g, put n = 8(r + l)^ +1, (5 = 0, and A = [1,3, 5,... , 8r4-5, 8r+ 9] h 2n. 
Then zx = {rx>,q‘^^^~^^^), where X' = [1,3, 5,... , 8r + 7]. Since rx' represents a 
standard translation morphism, we see that r is the image under the standard 
translation STMTLq^ -w TLqq of the residual point t = where m = 

4(r + 1). Consequently, modulo powers of v and rational constants we have: 


(5.19) 


Lofl 


(1 - g4(r-+l)) 

(l+^4{.+l))(l_^) 


idaiQ)f 


with a = 2(r + 1). In particular, A4gg^^^^ has no odd cyclotomic polynomials as 
factors if and only if r = 2^ — 1 for some s > 0. 


Together with the results of Theorem 5.13 the above results imply that in all cases, if 
a residue of the form or of the form contains odd cyclotomic polynomi¬ 

als with nonzero multiplicity, then the highest odd cyclotomic factor which has nonzero 
multiplicity in the residue in fact has positive multiplicity. 


Proof. The last assertion follows from the expressions given in parts (a)-(e). Parts (a)- 
(c) follow directly from the results of Theorem 5.13 by application of the extra-special 
bijection and STMs. The expression for residues in terns of unipotent degrees follows 
from the relation between the parameters {a,b} and the normalization of 

unipotent affine Hecke algebras, and the defining properties of STMs, as explained in 
Section 3 (also see [Op3]). 
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The results mentioned in (e) follow from an application of a standard translation STM 
(as explained there). 

The result of (d) is obtained by a direct computation, using that the residue point r' 
represents a standard STM, and is constructed from r simply by adding one coordinate 
with the value 1. Using this, it is an easy direct computation to check the formula given 
in (d). □ 

Remark 5.15. This finishes the proof of Proposition 5.3, and thus of Proposition 5.1. 

6. Proof of the main theorem 

6.1. Computing residues. In the present section we will prove the main Theorem 1.6 
using the techniques we have developed so far. In the course of the analysis we will need 
to be able to compute residues of the form 

( 6 . 1 ) 

where X € {I, II, III, IV}, with dj- G {0,1/2,!} and b G {1,2} determined such that 
'^min = Cn('5-,(5+)[g‘’] (see (3.5)), and where r = = (-r(b, 5 _;A_),r((,, 5 +;A+)) is a 

C;-residual point for these parameters, i.e. X± P 2n± + is a partition with distinct 
parts of parity type 25± — 1, such that n_ + n_ = n. 

Suppose that (P, a) is a unipotent cuspidal pair of an inner form of a connected, 
unramified, almost absolutely simple group Gqs = Gqs(iP), defined and quasi-split over 
k, of adjoint type in its isogeny class, for which there exists a spectral covering map 
7^i^(Gqs) - 

Recall (Proposition 3.7, Corollary 3.8) that it is our task to show that the set of orbits 
Wor of residual points of satisfying the equation 

(6-2) = fdegg((T) 

consists of a single Antes(77j)(j„)-orbit (which is then necessarily an orbit of images of 
standard STMs, since we already know the existence of enough standard STMs). 

Recall from Section 5 that if Wqt is a solution of (6.2) with r = (—,5_.a_), r((,,5_,_;A+)), 
then X± have to belong to the set of unipotent partitions described in Lemma 5.4 (for 
(5-1- = 1/2) or in Corollary 5.14 (for (5± G {0,1}). Hence it suffices to show that the 
assignment Wqt: —>■ injective on this set of orbits of residual points, modulo 

the action of Antes (77;)(j„). 

Define M® C M the subgroup generated by the rational constants and expressions of 
the form +v~^ for k G Z+. For / G M®, there exists a unique function : Z>o ^ Z 
such that modulo the subgroup of generated by powers of v and rational constants, 
we have 

(6.3) f = H (I + 

nez+ 

Hence it makes sense, for parameters (b; (5_, (5-|-) such that = Cn((5_, (5-|-)[g^] and 

for distinguished unipotent partitions X± for (5± as listed in Lemma 5.4 (for (5± = 1/2) 
or in Corollary 5.14 (for (5± G {0,1}), to define; 
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Definition 6.1. We put 


mult 


(A_,A+) 

(b;<5-,<5+) 



X,d0^1 

min 


){{r}) 


with (J_,5+) and h as above, and r = (— r([„(5+;A+)) Qs above. Here p^min ^ 
denotes the ^.-function of Cn{d-,6^)[q^] normalized by (the actual normal- 

ization factor is (u” — 1’'^-^+^ which has an additional factor d\ ^ = 

+ if 6- = (5+ = 1, due to the anisotropic factor of the maximal torus o/^D„J. 


6.2. Remarks on residues at residual points with positive coordinates. For the 

residue points r = r((,=i ,5 with positive coordinates as listed in the above Corollary 

5.14 we computed the residues We could alternatively compute the residues 

and for later reference we will express the relation between these two residues 
now, and use the opportunity to introduce some useful notations. 

In general, let S G {0,1/2,!} and let A h 2n + [(5J be a distinguished unipotent 
partition of type J, i.e. A has distinct parts of parity type 1 — 2S. Let r = r(t,, 5 ;A) be the 
corresponding residue point with positive coordinates. 

Definition 6.2. For x £ Q, let h\„.x{x) € Z>o denote the number of coordinates of 
r = r((, 5 .;,,) equal to q^ or to q~^. Note that this is independent of the choice of r in its 
Wo{Bn)-orbit. In particular hi,-\{bx) = hi.x{x), and h\,.^x is an even function supported 
on b(Z + (5). Observe that h^i-xiO) equals twice the number of coordinates of x which are 
equal to 1. If b = 1 then we usually drop it from the notation and simply write hx- 


For the residue points listed in Corollary 5.14 we restrict ourselves to b = 1 and 
5 G {0,1}. Then it is obvious from the definition of hx and from (2.4) that, modulo 
powers of q and rational constant factors, we have: 

(6.4) = n (1 + 

xez+ 

where Ay(hx){x) = 2hx{x) — hx{x — y) — hx{x + y). (If y = 1 we will often suppress it 
from the notation, and simply write A). 

Equivalently, using the notations we introduced above, we can express this result as: 

(6.5) mult[°/^^^ 5 ) = multlQ’^j* + As_{hx){x). 

Recall the algebra of functions defined on Q with finite support (multiplication is 
given by the Cauchy convolution mi * m 2 {z) = Ylx+y=z (?/))• This is a commu¬ 

tative, unital associative algebra. We use the Dirac delta 5x to denote the basis element 
corresponding to x G Q, so that Sq is the identity of convolution. If T^m is the left 
translation of m, i.e. {Txm){y) = m(y — x), then = 5x * rn. We have the obvious 
rules A(mi * m 2 ) = A(mi) * m 2 = mi * A(m 2 ), also A(m) = A{5o) * m. 

In order to compute the residues Mi for the collection of residue points r of 
Corollary 5.14, it suffices to list the functions hx and A{hx) for these cases. In addition 
we will compute mult|g in terms of hx- 

Proposition 6.3. Using the notations of Corollary 5. If, we have 
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(a) Let m G (Z ± 1/4)_|_, written as usual as m = k + (2e — l)/4. Let 6 G {0,1} be 
the parity of n. Put p = 2 {k — 1) + e, the largest jump in the jump sequence of 
A. Thus X = Xp and 5 are both determined by p, and for k & Z we have: 

' 2L(p + 2)/4j ifk = 0, 

max{ 0 , [(p + 2 — |/c|)/ 2 j} else. 


hx{k) = 


We have mult|g = —h\, and 


^(h\) + A5((5o) — —S'p+i + (5o) 




where 


0 else. 

(b),(c) The cases (b) (6 = Oj and (c) (5 = 1) can be treated uniformly. Letp = 2r+l + 5, 
thus X = Xp and 5 are both determined by p, and for k & Z we have: 

2\fp + 1 — 5)/2\ = p+ 1 — 5 ifk = 0, 
max{0,p + 1 — |/c|} else. 


hx{k) = 


We have mult|Q = —2hx, and 

A(/ia) + = A(p+i)(5o) = — 5(p+i) — 5_(p+i) + 26q. 

(d) In this case 5 = 1 and p = 2a + l, with a = 2{r + 1) a power of 2. Hence X = Xp 


is determined by p, and for k ^ Z we have: 

hx{k) = 


p — 1 if k = 0, 

max{ 0 ,p + 1 — |/i;|} else. 


We have mult|Q = —2hx + (5i + ^2 + <^4 + • • • + (5a, and 

A(/ia) + A5((5o) = —(5(p+i) — (5_(p+i) + (5_i + (5+1- 

(e) In this case <5 = 0 and p = 2a, with a = 2(r + 1) a power of 2. Hence X = Xp is 
determined by p, and for k £ Z we have: 

p ifk = 0, 


hx{k) = < 


We have = —2hx + (5i + <52 + (54 + 


max{ 0 ,p — |/i;|} if0<\k\<p, 

1 if \k\ = p, 

0 else. 


+ 5p, and 


A(^a) — (—(5(p+i) + 5p — (5(p_i)) + (—(5_(p_i) + 5-p — (5_(p+i)) + 25o. 


Proof. We use the rules (cf. [OS, Proposition 6 . 6 ]) describing a linear residual point 
^ for with parameter 5 G {0,1} and k = log(g'), in terms of a distinguished 5- 
partition A. The number mo of coordinates equal to 0 is equal to [(mi + 1 — 5)/2\, 
where mi is the number of coordinates equal to Hk. In terms of hx, this means that 
^a(O) = [(hA(l) + l —(5)/2j. For positive integers n, hx{n) equals the number ol jumps in 
the jump sequence j = (A — l)/2 which are larger than or equal to n. Since we extended 
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the function hx as an even function, this shows that hx is determined by (5, A) and can 
be read of simply from the information provided in Corollary 5.14. □ 

6.3. Residues at arbitrary residual points. We continue to assume that 

^ A-)’^(&)<5+;A+)) 

is a residual point for such that the residue cyclotomic 

factors. 

By the combined results of Lemma 5.4 (for = 1/2), Corollary 5.14 (for G {0,1}) 
and Proposition 6.3, the degree equivalently the multiplicity function 

mult|^.(/''')/^^ is determined if one of A_ or A+ is the zero partition. In general we need 
to also take into account the “mixed” factors of this residue, which arise from the type 
D-roots which are a product of a coordinate (or its reciprocal) of —a-nd a 
coordinate (or its reciprocal) of r((,, 5 +;A+))- Since each nonzero factor of (2.4) obviously 
either comes from such “mixed” root or not, it follows that: 

Proposition 6.4. Suppose that b G {1,2}. For all k G (Z/b)+ we have: 

* hx+){k) + multjJ;J+^^_^)(b/c) + mult[J: 5 “^ 5 _)(bA:) 

It is also easy to see that we always have: 

= (^5t('^o) * hxJ{k) ^^{bk) 

Combined with the results of Remark 5.6, Corollary 5.14 and Proposition 6.3 this formula 
enables us to express mult|°’^*|j^^(bA:) in terms oflixj^ and hx_. 

We now have enough tools to prove case by case that the solutions of (6.2) indeed 
constitute an Antes('Hmj„)-orbit of images of standard STMs. 

6.4. Proof of the main Theorem for odd orthogonal groups. We consider Gqs = 
S02n+i- This is of parameter type II, and this is by far the simplest case. 

6.4.1. Proof of Theorem 1.6(a), (b). The right hand side of (6.2) is of the form fdegg((T) = 
daiQ)df{q) (see (3.2)), and a glance at the tables in [Car, 13.7] readily shows that the 
multiplicity functions ^ for da^b '■= d^{q)df{q) is of the form (where k G Z+): 

(6.6) m^ ij{k) = —(maxjO, 2a — k} + maxjO, 26 + 1 — k}) 

On the other hand, we have <5± = 1/2 in this case, and b = 1. Lemma 5.4 implies that 
A± = [2,4,... , 2r±], and that the corresponding multiplicity functions h± are supported 
on Z + 1/2 and are given by h±{x) = maxjO,p± + l — |a:|} where = r± —1/2 = m± —1. 
We warn the reader that from here onwards we are using the notation A±, m±, p± 
etc. in the sense of Subsections 5.1 and 5.2, but not as in the Subsection 5.4. Applying 
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Proposition 6.3, Lemma 5.4, and Remark 5.6 we have (with h± := /ia± and k € 2+): 

=A(/i_ * h+){k) - h-{k - 1/2) -h_{k + 1/2) - h+{k - 1/2) - h+{k + 1/2) 
=(A(/i_) * h+){k) -h-{k- 1/2) -h_{k + 1/2) - h+{k - 1/2) - h+{k + 1/2) 

= — — T+(p__|_i)L+ — h-{k — 1/2) — h-{k + 1/2) 

= — (max{0, p- + p+ + 2 — k} + max{0, |p+ — | — /c}) 

so that necessarily {2a, 26 + 1} = {p+ +p_ + 2, |p+ — p_|} = {m_ + m+, |m+ — m_|}, 
as was to be proved (compare with (3.3), and using the standard STM —)> 

rrf+^+-i/2 of [Op3, 3.2.5]). 

It is instructive to carefully analyze the last step in the above computation. If k is 
sufficiently large then rn^ij{k) and mult 1 / 2 )(^) ^^0 zero. Decreasing /c to 1 we meet 

three interesting arguments of mult|^/ 2 ^]) 2 )) namely ki = p_ + p_|_ + 1 (this is the first 
argument where mult|^/ 2 ^/ 2 )(^) nonzero), ^2 = P- + 1/2 (this is the first argument 
after Tp__|_i6,_|_(A:) reached its maximum) and k^ = |p+ — P-| — 1 (this is the argument 
where either starts to increase (if p_ < p+) or where stops to 

decrease (if p_ > p+). Now compare to ^(fc). We see that ki = max{2a — 1,26}. 
At A: 2 , we see that —h-{k — 1/2) — h-{k + 1/2) exactly repairs the linear behavior 
of T_(p__|_i)6,_|_(fc) at k 2 < k < ki. Finally, for k < k^ we obtain (in either case) an 
additional linear contribution, implying that k^ = min(2a — 1, 26). 

Observe that represents an STM cf) which is a composition of the standard 

translation STMs described in [Op3, 3.2.5] (also see [Fel, Fe2]): 

A — /(m--l/2)(m_+l/2)/2+(m+-l/2)(m++l/2)/2-l,+ ,m_-l/2,- ,0,- 

{0.1) Y — Qi/ 2,3/2 ° ° ° Ym_,m+ 

6.4.2. Proof of Theorem 1.6(c), (d). We start by making some general observations on 
the isotropy groups of orbits of discrete unipotent (i.e. unramified) local Langlands pa¬ 
rameters [Add] under the action of (D^^)*. These remarks will be a basis of our analysis 
for all cases below. 

First of all, via [Bo, Section 6] (see also the Introduction of the present paper) it 
follows that the set of such [Aa^] are in canonical bijection with the set of central char¬ 
acters of 7i^^{Gqs) which support discrete series characters of 'H™{Gqs) (where Gqs is 
quasi-split, and of adjoint type). Since this is important for understanding the isotropy 
groups, let us discuss this in some detail. 

The set of central characters of ?6^^(Gqs) supporting discrete series representations 
was described in [OS, Section 8], which we will now recall (also see the Introduction). The 
lattice I/js is the projection of A* (S') onto the vector space of 0-invariants (notations 
as in the Introduction), and this is the coroot lattice Qqg when Gqs is of adjoint type. 
Hence, the subgroup T = Tqs/Qqg C Tspec (see [OS, Section 8]) of the full group Fspec 
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of special diagram automorphisms Tspec '■= Pqs/Q'^s of spectral diagram is trivial: 
r = = 1 in our present situation. In general we have a natural short exact sequence 

1 —> r — T spec —>■ (n^)* —>■ 1, 

and in the present situation this implies that = ^spec is the full group of diagram 

automorphisms of the spectral diagram of 'H^^(Gqg). 

Observe that the spectral diagram (cf. [Op2, Op3]) of T-0^{Gqs) is easily seen to be 
the untwisted version of the Kac diagram K{9G'^) (see [R3]) of the based root datum 
with respect to the diagram automorphism 6, whose vertices v are labelled with param¬ 
eters log(q) such that the group of spectral diagram automorphisms and the group 
of Kac diagram automorphisms can be identihed (the multiples reflect the twisting 
information). 

In [OS, Section 8] it was also explained that the set of central characters of ^^'^(Gqg) 
which support a discrete series representation, is in bijection with the set of pairs 
(rs(e), VFs(e)0 of ^ F-orbit of vertices e of the spectral diagram (i.e. a node e of K(0G^) 
in our present situation) and an orbit of linear residual points Ws(e)i of the graded affine 
Hecke algebra He associated to Fe. The latter orbits IF<j(e)^ are in canonical bijection 
with the set of distinguished nilpotent orbits N C of the Lie algebra of hxed points 

g6».s(e) corresponding to the torsion element s{e) € T® associated with the node e. 

Furthermore, \ad is completely determined by a semisimple conjugacy class in ^G 
of the image 9.s = Aa(i(Frob) of the Frobenius, and a distinguished nilpotent orbit 
^s in the Lie algebra of the centralizer Glq{9.s). We know that we can choose the 
semisimple element s in the fundamental dual alcove G'^ (see [R3, Theorem 3.7]). We 
need in addition that the Lie algebra admits distinguished nilpotent orbits, i.e. g®'^ 
is semisimple. This forces s = s(e) to be a vertex of G'^. Hence the set of conjugacy 
classes of discrete unipotent local Langlands parameters Aad(Frob) is therefore also in 
natural bijection with the set of pairs (e, A^), where e is a vertex of the Kac diagram (see 
[R3, Section 3.3, 3.4]) and N a distinguished nilpotent orbit of 

This setup shows that this set of central characters of unipotent affine Hecke algebras, 
is in natural bijection with the set of discrete unipotent Langlands parameters \ad- 

An element /3 G (^ad)* ~ ^spec fixes [Aq^] if and only if /3 fixes s(e), and in addition 
the action of jd on should fix N (or equivalently HLj(e)0- important remark 

is that linear residual orbits Ws(e)? of a graded affine Hecke algebra H associated to an 
irreducible based root system R D F will be invariant for all diagram automorphisms of 
R D F (see [Opl, Theorem 7.14(i)]). Moreover, if the orbit of residual points VFor which 
corresponds to (e, VF5(e)0 as above, represents a standard STM, then it is obvious (from 
the definitions of the standard STMs in Section 3) that if Rg(e) = {a G R : a{s) = 1} 
contains isomorphic irreducible components then the components of Ws(^e)^ attached to 
these components correspond to each other under a (hence any) isomorphism between 
these components. In short, the isotropy group Tspec,WoT is simply equal to the isotropy 
group Fgpec.e = (^ad)e the Vertex e of K(0G^). 
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On the arithmetic side we see similar phenomena (see the Introduction), since a cus¬ 
pidal unipotent pair {u, P, a) is known to be inert for twisting by automorphisms of P 
defined over Fq. This implies that the isotropy subgroup of (u,P, u) in 0®^ is simply is 
the stabilizer subgroup of P. 

Let us now return to the case at hand: the case of odd orthogonal groups. We 
established that the equation (6.2) with fdegg((T) = d^{q)df{q) forces r = (—r_,r_(_) = 
(“^(i/ 2 ;A_))^(i/ 2 ;A+))) where X± are the residual points as described in Corollary 5.5, 
with parameters m± which are related to a,b by the equation of sets {2a, 26 -|- 1} = 
{m_ -|- m+, |m+ — m_|}. In this case ^^'^(Gqg) T^min ™ isomorphism (see 

[Op3, 3.2.6]), and we may associate a unique unramified discrete Langlands parameter 
[^ad] to the pair (A_, A+) via the correspondence discussed in Remark 1.10 and above. 

Recall that the spectral map diagram of the STM T~i™{Gqs) defines a 

maximal proper subdiagram of the spectral diagram of the latter Hecke algebra, which 
has two (possibly empty) components of type Cn± withn± = (l/2)(m±-|-l/2)(m± —1/2). 
On the other hand, the parahoric subgroup Fafi associated to a pair a, 6 is defined by a 
maximal proper subdiagram of its arithmetic diagram, which consists of two (possibly 
empty) components of type D „2 and of type Bf ,2 

One observes that the isotropy group of [Aq^] in (0®^)* ~ C 2 is trivial except when 
rri- = m_|_. This happens if and only if a = 0, and this happens if and only if is 
trivial, as desired. 


6.5. Proof of the main Theorem for unitary groups. In this subsection we consider 
the case Gqg = PU 2 n or Gqg = PU 2 n+i) which are the cases in type I. In the first 
case (the odd rank case) we have a spectral covering map = B„(2, l)[g] 

Cn( 5 , 0 )[g^] (a double cover), and in the second case (the even rank case) we have a 
(spectral) isomorphism 'H™{Gqs) C„(^,l)[g^]. 


6.5.1. Proof of Theorem 1.6(a), (b). This is type I. The right hand side of (6.2) is of the 

form fdegq(cr) = d} pq)d] ^{q) ;= dg^t (see (3.2)), and a glance at the tables in [Car, 
§13.7] readily shows that the multiplicity function for dg^t is supported on the odd 
integers, and is of the form (where A: € (Z -|- 1/2)_|_): 

(6.8) ml ^{2k) = —(maxjO, s -|- 1/2 — A:} -|- maxjO, t -|- 1/2 — k}) 

On the other hand, we have = 1/2 and <5+ G {0,1} in this case, and b = 2, so Lemma 
5.4 implies that A_ = [2,4,... , 2r_], and A+ is as described in Proposition 6.3. The 
corresponding multiplicity function h- is supported on Z -|- 1/2, and Ai+ is supported 
on Z. We know we can write /i_(x) = maxjO,-|- 1 — |a:|} where p- = m_ — 1 and 
m+ = r_ -|- 1/2, but at this point there are still various choices for = hx_f_ possible. 
Applying Proposition 6.3, Lemma 5.4, and Remark 5.6 we have (with hj- := h\^ and 
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A:G(Z/2) + ): 

=A(/i_ * hj^){k) — 2h-{k) + As^(h-){k) + 

= {{A{h-) + Ai/2((5o)) * h+){k) - 2h-{k) + As+(h-){k) + mult^°(Q+^)(2A:) 

= - r(p_+i)/i+(/c) - r_(p_+i)/i+(/c) - 2h_{k) + As^{h_){k) + 2h+{k) + (k). 

Observe that j(2/c) is nonzero only if /c € Z + 1/2. This implies that for all /c € Z 
we must have 2h^{k) + mult|Q = 0, since all other terms in the expression are 

obviously equal to zero for A; G Z. Checking the cases in Proposition 6.3 we see that this 
happens if and only if A+ is of the form described in cases (b) or (c). Hence we have 
A+ = [1, 3,... , 1 + 2p+] with = m+ — 1 and m+ = 2r+ + 2 + <5+, and 

(2^) = -T{p_+i)h+{k) - T_^p_j^i)h+{k) - 2h_{k) + As_^(h-){k) 

From here on the argument is completely analogous to the odd orthogonal case Subsec¬ 
tion 6.4. We see that necessarily {s — 1/2, t — 1/2} = {p_|_ + p_ + 1, |p+ — p_| — 1} or 
{s + 1/2, t + 1/2} = {m_ + m+, |m+ — m_|}, as was to be proved (compare with (3.3), 
and with Subsection 5.2). 

6.5.2. Proof of Theorem 1.6(c), (d). In this case ?A^^(Gqg) ^ ™ isomor¬ 

phism if the rank is even and it is a double cover if the rank is odd (see [Op3, 3.2.6]). 
The group Tgpec = (^ad)* is trivial in the first case, and equal to C 2 in the second. 

As discussed above, we may associate a unique unramified discrete local Langlands 
parameter [Aad] to the pair (A_,A+), via the correspondence discussed in Remark 1.10 
and above in Subsection 6.4. Recall that we have {s -|- 1/2, t + 1/2} = {m+ -|- m_, |m+ — 
m_|} with m_ G (Z -|- 1/2)+ and m+ G Z+, where corresponds to a maximal proper 
0-stable subdiagram of the affine Dynkin diagram of Gqg with two (possibly empty) 
components, of type ^A(^/2)(s+i)-i ^A(^/2)(4-i-i)-i j while the spectral map diagram 

of the STM T~i™{Gqs) defines a maximal proper subdiagram of the spectral 

diagram of PlP^iGqs) (the complement of a vertex e of the spectral diagram), which has 
two (possibly empty) components, one of type D^2 ^3 (odd rank case) or C(m+-i)(m+-i-i)/2 
(even rank case), and one of type B(m__i/2)(m_+i/2)/2- 

Regarding isotropy subgroups of and (H^)}+^^ = Tspecie we see that in the even 

rank case there is nothing to prove, while in the odd rank case the former group is trivial 
unless s = t, in which case it equals = (72. At the other side, (Il^)^pr is C 2 , unless 
m+ = 0, which happens if and only if s = t, as was to be proven. 

6.6. Proof of the main Theorem for symplectic and even orthogonal groups. In 

this subsection we treat the cases with Gqs of type PCSp2„, P(C02„) or P((C02„+2)'^)) 
which are of type III (first case) or of type IV (the last two cases). We have spectral 
covering maps 7i^^{Gqs) C„(<5_, (I+)[g] with (<I-,<I+) = (0,0), (0,1), (1,0) or (1,1) 

respectively, represented by a covering map of algebraic tori of degree 2 in the first three 
cases (cf. [Op2, 3.3.5]) (of course, the cases two and three are isomorphic, but it is 
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convenient to allow both possibilities at this point), and which is an isomorphism in the 
last case. 

Before we embark on the proof, let us recall the smallest unipotent partitions A which 
belong of the cases (a)-(e) of Corollary 5.14 and Proposition 6.3. We always denote by 
p the largest element of the support of the function hx, and we formally extend this to 
cases where A is the zero partition (compatible with our formulas for residues). If A = 0 
then we put p=—lif5 = 0 and p = 0 if 5 = 1. These can be viewed as a case (a), or 
as case (b) (if <5 = 0) or as case (c) (if A = 1). If p = 1 then A = [3], and this is a case 
(a) cuspidal partition, or A = [1, 3], which is case (b). If p = 2 then A = [1, 5], which is a 
case (a), or A = [1, 3, 5], which is case (c). The smallest case (d) is [3, 5, 7] (with p = 3), 
and the smallest case (e) is [1,3, 5,9] (with p = 4). 

6.6.1. Proof of Theorem 1.6(a), (b). The right hand side of (6.2) is of the form 
fdegg(cj) = d^{q)df{q) or fdegg((T) = d^{q^)dl^{q) 
in the first case, or of the form 

fdegg(cj) = d^{q)d^{q) or fdegq(a) = d^{q)dl^{q) 

in the last two cases (see (3.2)). A glance at the tables in [Car, 13.7] readily shows 
that the multiplicity function for := d^{q)df{q) is of the form (where 

k £ Z+): 

(6.9) ~ — (max{0,2a + 1 — A:} + max{0,26 + 1 — k}) 

while for ;= d^{q‘^)dl^{q) is of the form 

(6.10) = -(maxi„i{0, (4a + 2 - k)/2} + maxj„t{0, (26 + 1 - A:)/2}) 

where maxj„t is defined as the largest integer of a hnite set of rational numbers, or 0 if 
the set contains no integer. 

Similarly, for the parameter type IV, the multiplicity function for := 

d^{q)d^{q) is of the form (where k G Z+): 

(6.11) ~ —(max{0, 2a — k} + max{0, 26 — k}) 

while for ~ d^{q‘^)dl^{q) is of the form 

(6.12) = -(maxi„t{0, (4a - A:)/2} + maxj„t{0, (26 + 1 - k)/2}) 

If r = (—rA_,r;,^) is a solution of (6.2) then A± must both belong to the cases listed 
in Corollary 5.14, with (5± determined by G^s- Using Proposition 6.3 and Proposition 
6.4 we will compute the multiplicity function mult|^“’j^^^(fc) where \± belongs to one of 
these cases (a)-(e) as listed in Corollary 5.14, to study whether such combinations could 
provide solutions of equation (6.2). 

Let us first assume that X± both belong to case (b) (if = 0) or to case (c) (if 
= 1). Note that it is strictly speaking not necessary to treat these cases, since we 
already know that they all represent standard STMs. Yet it is useful and instructive to 
do the calculations. 
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Recall that if (5-,5+) = (1,1) then the normalization factor of the //-function 
of T-L^^{Gqs) is df* = (1 -|- q)~^ (due to the fact that in this case, a maximal K split 
torus of Gqg which is defined over k and maximal /c-split has a fe-anisotropic factor of 
dimension 1 which splits over an unramified quadratic extension of k] this gives rise to 
the even cyclotomic factor (1 -|- g) in the volume of Iwahori subgroup). In all other cases 
c^li = 1. In order to take this extra factor into account we need to subtract 6-5+5i{k) 

from the multiplicity function mult|^“’^^^^(/i;) (see definition 6.1). Thus we have, using 
Proposition 6.3, and analogous to the odd orthogonal cases, for all k G Z_|_: 

“ d_<5+<5i(A:) 

=A(h_ * h+){k) - 2h-{k) + As^{h-){k) - 2h+{k) + As_Ch+){k) - 5-6+6i{k) 

=A(h_ * h+){k) - 2h-{k) + As^{h-){k) - 2h+{k) + {As_{5o) * h+){k) - 5-5+6i{k) 

= ((A(h_) + A5_((5 o)) * h+){k) - 2h+{k) - 2h-{k) + As^{h-){k) - 5-5+5i{k) 

= - T_(p_+i)h+(A:) - r+(p_+i)h+(fc) - 2h-{k) - d+d(p_+i)(fc) d+d_di(fe) - 5-5+5i{k) 
= - T_(p_+i)h+(/c) - r+(p_+i)h+(/c) - 2h_{k) - d+d(p_+i)(A:) 

= — (max{0, p- + pj^ + 2 — k} + max{0, |p+ — p_ | — k}) 

so that this could be a solution of (6.2), but clearly only if the right hand side is of the 
form {k) (if the parities of p- and are distinct) or of the form (if 

the parities of p- and are equal). In the first case we see that r is a solution of (6.2) if 
and only if {2a-|-l, 26-|-l} = {p^+p-+ 2 , |p+—p_|} = |m+ —m_|}, and in the 

second case if and only if {2a, 26} = {p+ -|-p_ -|- 2, |p+ — p-|} = {m_ -|- m+, |m+ — m_|}. 
These solutions correspond exactly to the ordinary standard translation STMs (compare 
with (3.3), and with Subsection 5.2). 

The second case we will consider is that of the cuspidal extra special STMs, that 
is, when both X± belong to case (a). (Again, strictly speaking this is not necessary, 
since all cases are known to represent cuspidal extra special STMs.) We compute, using 
Proposition 6.3 and Proposition 6.4, for k G Z+i 

“ (5_(5+(5i(A;) 

=A(h_ * h+){k) - h-{k) + AsXh-){k) - h+{k) + As_Ch+){k) - 6-6+6i{k) 

=(A(/i_) * h+)(fe) - h_{k) + Asjh.){k) - h+{k) + {As_{6o) * h+){k) - 6.S+Si{k) 

= - (5p_+i * h+){k) - h.{k) + S+i-Sp_+i - As_i6o) + 6o){k) - 6.6+5i{k) 

= - (5p_+i * h+){k) - h.{k) + 5+(-V+i + ^-^i){k) - 6.6+6iik) 

= - (5p_+i * h+){k) - h.{k) - 6+Sp_+iik) 

Now observe that there exists a unique symmetric function supported on Z-l-1/2 and 
a remainder Rm+ such that we have h+ = { 6 -i/ 2 +^+i/ 2 )*H++Rm+^o- One checks easily 
that in fact Rm+ = (—l)'^+2([ ^+^~*~^ J -|-e+6+) and H^{k) = maxj„t{0, (2p+ — 2\k\ -|-3)/4}. 
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We may continue the computation as follows: 

= - (v +1 * h+m - h-{k) - <5+v+i(^) 

= - Sp_+i * {5_i/2 + < 5 + 1 / 2 ) * H+{k) - Rm+Sp_+i{k) - h-{k) - 5+Sp_+i{k) 

= — Tp_^2,/2H+{k) — T_(^p_^^i2)H+{k) — {Rm+ + 5+)Sp_+i{k) — h-{k) 

= - Tp_+^/2H+{k) - T_(p_+3/2)^+(A:) - (-1)^+2(L^±^J + 5+)Sp_+m - h.{k) 

=maxi„i{0, (p_ +P+ + 3 - k)/2} + maxj„t{0, (|p_ - p+\ - k)/2} 

where the last line follows from carefully checking what happens at /c = p_ + 2 , p_ + 
1 , p_,... and at |p+ +p_| — 1 , |p+ +p_| — 2 ,... at the various congruence classes of p+ 
modulo 4. Now use that in case (a), we have p± = 2 {k± — 1) + e = 2m± — 3/2. Hence we 
see that r is a solution of ( 6 . 2 ) if and only if the right hand side is of type , in 

which case we need that {m_ +r?T,+ , |m_ —m+|} = { 2 a + l,b + 1 / 2 }, or of type 
in which case we need {m_ + m+, |m_ — m+lj = {2a, b + 1/2}. These are indeed the 
residual points representing the cuspidal extra special STMs. 

Let us now try to find solutions of ( 6 . 2 ) with A_ is of type (b) or (c), and A+ of type 
(a). We allow any pair ((5_,(5+) € {0,1}^ here. Similar to the previous computations, 
we have; 

- d-d+<5i(A:) 

=A{h- * h+)ik) - 2h-{k) + AsXh-){k) - h+{k) + As_{h+){k) - 5-5+5i{k) 
=((A(/i_) + A5_(do)) * h+){k) - 2h_{k) + As^{h.){k) - h+{k) - 5.5+5i{k) 

= - T_(p_+i)h+(/c) - Tp_+ih+(/c) + h+{k) - 2h_{k) + As_^(h-){k) - 6-6+6i{k) 

= - Tp_+ih+{k) + h+{k) - 2h_{k) - r_(p_+i)h+(/c) - 5+5p_+i{k.) 

If both p-,p+ > 1 then the above expression has value —1 at k = p_+p+ + l and value 
— 1 at k = p- + p^, and from the form of the available cuspidal formal degrees we easily 
conclude that if r solves ( 6 . 2 ) in this case, then the right hand side has to be of the form 
^extra, ^ d^ab^°^’ where a and b are such that one of the corresponding extraspecial 

parameters (m!L,m^) equals 1/4. Indeed, if are the unipotent partitions of type 

(a) such that the image of the corresponding extra special STM also solves of 

( 6 . 2 ) (with the same right hand side), then the values of the two highest multiplicities 
we just discussed imply that p+ + pL + 1 , and \p\ —p^_\ — 2 differ by one (see the formula 
for the multiplicties of the residue we derived in the case where A_ and A+ are both type 
(a)), from which we conclude that one of p+ equals —1, or equivalently m+ = 1/4. Let 
us say that p+ = —1, and denote p^ax — P%- Since p_ +p+ + 1 = + 1 we have 

Pmax = P- + P+ + 1- On the other hand, looking at above formula, it is clear that for all 
k > P- + 1 , the term h+(A:) — 2 h-{k) — 6+5p_+i{k) — T_(p__,_ 3 )h+(A:) has to vanish, while 
at A: = p_ + 1 this expression needs to be 0, —1, or —2 (depending on the congruence 
class of p+ modulo 4), and at A; = p_ it always needs to be —1 (we invite the reader to 
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draw the graph of for A: = p_, + 1, + 1, + 2 and compare this with the 

graph of —/lA^ to see this). It follows that p_ + 1 = or p_ = 

In the first case we have pf^ax = P- +P+ + 1 = 2p_|_. Now we compute the rank n in 
terms of (p_,p+) and of (pl,p^). The first method gives n = ri- + n+ with 


J to^/2 = {p_ + 1)2/2, type (b) 

n_ = < 

|(m_ - l)(m_ + l)/2 = p-{p- + 2)/2, type (c) 

Hence n_ < p+/2. For n+ we have: 

n+ = [k+{2{k+ - 1) + 2e+ - l)/2j = [(p+ + 2 - e)(p+ + 1 + e)/4j 
= L(P+ + 1)(P+ + 2)/4j < {p+ + l)(p+ + 2)/4. 

Thus n < P+/2 + (p+ + l)(p+ + 2)/4 = 3p+(p+ + l)/4 + 1/2. The second method 
gives n = n^_ + = n'^ = [(2p+ + l)(2p+ + 2)/4j > p+{p+ + 3/2). We conclude 

that p+{p+ + 3/2) < 3p+(p+ + l)/4 + 1/2, which implies p+ < 1, hence p_ < 0, a 
contradiction. 

In the second case we have pfnax — 2p+ + 1- We now find that 

n < (p+ + 1)V2 + (p+ + l)(p+ + 2)/4 = {p+ + l)(3p+ + 4)/4 
= 3p+(p+ + l)/4 + l. 


and n = = [(2p++2)(2p++3)/4j > p+(p++5/2)+l. We thus see that p+(p++5/2) < 

3p+(p+ + l)/4, which implies p+ < —6, also a contradiction. 

In other words, have shown that (6.2) has no solutions if A+ is of type (a) and A_ is 
of type (b) or (c). 


Let us now consider the cases where A+ is of type (a) and A_ is of type (d). We use 
the notation = di + 52 + (^4 + • • • + 6 a_, where a_ = 2^^^ — 1. Also recall that 5_ = 1, 
and p_ = 2^+^ — 1 with s > 0 in case (d), and we will use the notation r_ = 2^ — 1. 

Similar to the previous case (with A_ is of type (c), and A+ of type (a)) we have for 
all A: > 0: 

“ S-d+5i{k) 

=A(/i_ * h+){k) - 2h_{k) + Eiik) + As^{h_){k) - h+{k) + A{h+){k) - 6+6i{k) 
=((A(/i_) + A(5o)) * h+){k) - 2h_{k) + T,i{k) + A 5 _^{h_){k) - h+{k) - 8+5i{k) 

= - r_(p_+i)/i+(/c) - Tp_+ih+{k) + h+{k) - A{h+){k) 

+ Sl(A:) - 2h_{k) + As^{h_){k) - 5+5i{k) 

= — Tp_j^ihj^{k) + h-\.(k) + + Y!^(k) — 2h-{k) — T_('p__|_x)/i+(A:) 

- 5+5p_+i(A:) + (5+ - l)5i(A:) 

Like in the previous case, we conclude first of all that the right hand side of (6.2) needs to 
be of the form or ^ ^ gj.g ggg];i that one of the corresponding 

extraspecial parameters {rrf_,m\) equals 1/4. Let us use the same notations as in the 
previous case. We again have {pL,p+} = {—^,Pmax} some p^ax £ We see that 
Pmax — P- +P+ + 1- As before we need that T{k) := h+{k) + 5'p_^+i + '^-{k) — 2/i_ (k) — 
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— 6^6p_+i{k) + ((5_|_ — l)5i(/c) = 0 for all k > p- + 1, from which we 
conclude that p+ < p- + 1 (because of the presence of the function S'p_+i). As before, 
we need that T{p-) = — 1, implying that — 1 this time. 

Hence in this situation we have p^ = + 1 = 2p_. We have n = n_ + n+ 

with n_ = 8(r_ + 1)^ = (p_ + 1)^/2, and n+ = [K+(2(fi;_|_ — 1) + 2e+ — l)/2j = 
[(p+ + 2 —e)(p+ + l + e)/4j = [p_(p_ + 1)/4J, hence n+ <p_(p_ + l)/4. Taken together 
we have 

n<{p- + 1)^/2 +p_(p_ + l)/4 = (p_ + l)(3p_ + 2)/4. 

On the other hand, we have n = n!j_ > p-{p- + 3/2). Hence we conclude that 
P-{p- + 3/2) < (p_ + l)(3p_ + 2)/4, which implies that p‘^/4 +p_/4 < 1/2, hence 
< 1. But then < 0, a contradiction. 

Hence we have shown that (6.2) has no solutions for A+ of type (a) and A_ of type (d). 

Next let us consider the cases with A+ of type (a) and A_ of type (e). We now have 
r_ = 2* — 1 for some s > 0, and a_ = 2(r_ + 1), = 2a_ = 2^+^ > 4. Moreover, 

= 0 now. We write = (5i + (52 + <54 + • • • + 5p_. Similar to the previous cases (with 
A_ is of type (b), and A+ of type (a)) we have for all k > 0: 

“ (5-(5+(5i(A:) 

=A(h_ * h+){k) - 2h_{k) + Sl(fe) + As^{h-){k) - h+{k) 

={ACh-) * h+){k) - 2h-{k) + Si(A:) + AsXh-){k) - h+{k) 

= - Tp_+ih+{k) + Tp_h+{k) - Tp__ih+{k) 

- r_(p_+i)h+(A:) + T_p_h+{k) - T_^p__i)h+{k) 

+ h+{k) + S1(A:) + As^{h-){k) - 2h.{k) 

If we assume that > 3 then the maximum of the support of the sum Sq of the 
first 6 terms (the translations of /i+, but not including the non translated term /i_|_) 
is k = p- + p+ + 1, and the maximum of the support of the remaining terms Tr : = 
Ti(A:) + As^(h-){k) — 2h-{k) (excluding h+) is equal to p_ + 1 (if <5+ = 1) or p_ (if 
(5+ = 0). Since = 3 corresponds to (5+ = 0, we see that Tr = 0 on p_ + + 1, p_ + 

P+, p- +P+ — 1, P- +P+ — 2. The values of Sq there are easily seen to be —1, 0, —2, —1 
respectively. Since h+ is also 0 at these arguments (since p-+p+ — 2 > p+) these values 
are the multiplicities of the factors (1 + q^) in k'\s~’s+) these values of k. If r is a 
solution of (6.2) we conclude that the right hand side drhs of (6.2) is of the form , 

or ^ such that one of the corresponding extraspecial parameters 

(ml,m^) equals 3/4. Hence we now know drhs exactly in terms of p- and p+. 

Now consider the behavior of Sg — drhs at the arguments k = p_ +1, p_, p_ — 1, p_ — 2. 
Looking at the three positively translated graphs of h+ for all possible congruence classes 
of p+ modulo 4, we see that these values are 5+, 1 — (5+, 1 + (5+, 2 respectively, and the 
value of Tr at these arguments is —(5+, 5+ — 1, —5+ — 2, Sl(p_ — 2) — 4. The sum of 
these gives the values 0, 0, —1, Sl(p_ — 2) — 2, and if we add h+ to this we should 
get 0 everywhere. We conclude that p+ = p- — 1 and p_ = 4, otherwise this is not 
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possible. However, then p_|_ = 3 which corresponds to 5+ = 0, so that {5-, 6+) = (0,0). 
But drhs = , with corresponding values m'L = 3/4 and = 9/4, which yields 

5® = 1 and (5^ = 0. One checks that drhs is an extra special cuspidal unipotent degree 
for the symplectic group PCSp 3 g, while the “solution” r of (6.2) is a residual point for 
P(C 02 g), so this is not really a solution. 

For < 2, the value h^(k) is zero at k equal to p- +p+ +1,..., — 1. If = 2 we 

hnd that Sq has the values —1, 0, —2, 0, —2 there, while <1+ = 0 and Tr has the values 
0, 0, 0, —1, —2, which yields the total —1, 0, —2, —1, —4, which are not the multiplici¬ 
ties of a cuspidal unipotent formal degree, and for = 1 (with <5+ = 1) we get for these 
values of Sq the sequence —1, 1, —2, 1 while for Tr we get 0, —1, 0, —3 which yields the 
total —1,0, —2, —2, which is also not a sequence of multiplicities of a cuspidal unipotent 
formal degree. We may finally conclude that there are no solutions to (6.2) of the form 
rA_,A+ with A_ of type (e) and A+ of type (a). 

Next let us consider the cases with A_ of type (b), (c) and A+ of type (d). This implies 

that (5+ = 1, and > 3. We compute in a similar way to the case where both \± are 

of type (b) or (c): 

=ACh- * h+){k) - 2h-{k) + As_^(h_){k) - 2h+{k) + S^(A;) + As_{h+){k) - 5-5+5i{k) 
= ((A(/i_) + A5_(5 o)) * h+){k) - 2h+{k) + T,%{k) - 2h_{k) + A{h_){k) - 5.6i{k) 

= — T_(p__,_i)/i+(A:) — T+(p_+i)/i+(A:) -|- S5^(A:) — 2h-{k) — (5(p_+i)(A:) 

= — (max{0, p- + p+ + 2 — k} + max{0, \p+ — p- \ — k}) + R{k) 

where we see that R{k) = 0 ioi k > p- + 1, and R{p- -|- 1) > 0. 

This does not represent a cuspidal unipotent formal degree, and therefore there are 
no solutions of (6.2) with A_ of type (b) or (c) and A+ of type (d). 

Next let us consider the cases with A_ of type (b), (c) and A+ of type (e). This implies 
that 5+ = 0, and > 4. We again compute in a similar way to the case where both X± 
are of type (b) or (c): 

- 6-6+6i{k) 

=A(h_ * h+){k) - 2h-{k) + As^iji-){k) - 2h+{k) + T.\{k) + A5_{h+){k) 
=((A(^_) + A5_ (5o)) * K){k) - 2h+{k) + T.\{k) - 2h_{k) 

= — T_(p__|_i)h+(A:) — T3 _(p__|_i)/i+(A:) -|- S^(A;) — 2h-{k) 

We see that the values at k equal to p- + p+ + 1, p- + p+, p- + p+ — 1, p- + p+ — 2 
are —1, —1, —2, —3. This does not represent a cuspidal unipotent formal degree, and 
therefore there are no solutions of (6.2) with A_ of type (b) or (c) and A+ of type (e). 
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Next let US consider the cases with X± both of type (d). This implies that = 1, 
and p± >3. We may assume that < p- We again perform similar computations: 

=ACh- * h+){k) - 2h_{k) + ACh-){k) - 2h+{k) + S^(A:) + A(^+)(fe) + Sl(A:) - 6i{k) 
=((A(h_) + A(,5o)) * h+){k) - 2h+{k) + S^(A:) - 2h-{k) + A(^_)(fc) + Sl(A:) - 5i{k) 

= - - r+(p_+i)^+(A:) - 2h.{k) - A{h+){k) + Aih.){k) + + Sl(A:) 

If this is a solution of (6.2) then, looking at the values at the arguments k = p- + p+ + 
2, p_ +P+ + 1, p_ +P+, P-+P+ — 1, we conclude that the right hand side drhs of (6.2) 
should be of the form or because these values are 0, —1, —2, —3. But at 

k = P- + 1 the value of the above sum of terms is greater or equal to 1—p+ + l —1 = l—p+, 
while the multiplicity function of d^^g is less or equal to — 1 — p+- Hence there are no 
solutions , 1 ,^ of (6.2) with X± of type (d). 

Next let us consider the cases with X± both of type (e). This implies that (5± = 0, 
and p± > 4. We may assume that < p- We again perform similar computations: 

=A{h- * h+){k) - 2h-{k) - 2h+{k) + Y.\{k) + si(fe) 

= - Tp_+ih+{k) + Tp_h+{k) - Tp__ih+{k) 

- r_(p_+i)/i+(fc) + T_p_h+{k) - r_(p__i)/i+(fc) 

-2/i_(fc) + S^(fc) + Sl(A:) 

This can not represent a solution of (6.2) since, looking at the values of this sum at the 
arguments k = p- + p+ + 2, p- + p+ + 1, P- + p+, p- + p+ — 1, p- + p+ — 2, we get 
0, —1, —1, —2, —3, which does not correspond to a cuspidal formal degree. Hence there 
is no solution rA_,A+ of (6.2) with X± of type (e). 

Finally, let us consider the cases with A_ of type (d), and A+ of type (e). This implies 
that 6- = 1, p- >3, and <5+ = 0, > 4. We again perform similar computations: 

=ACh- * h+){k) - 2h-ik) + Sl(fe) - 2h+{k) + ^\{k) + A{h+){k) 

= ((A(^_) + A(5o)) * h+) {k) - 2h-{k) - 2h+{k) + E^(fc) + Sl(A:) 

= - r_(p_+i)/i+(fc) - r+(p_+i)/i+(fc) - 2h.{k) - ACh+){k) + s;(fc) + sl(fc) 

If p- > 3, this can not represent a solution of (6.2) since in this case, looking at the values 
of this sum at the arguments k = p- +p+ +2, p_ +p+ +1, p_ +p +, p- +p+ — l,p- +p+ — 2 , 
we get 0, —1, —1, —2, —3, which does not correspond to a cuspidal formal degree. If 
P- = 3 the values of the sum on A: = + 5, + 4, + 3, + 2, + l,p+ are as 
follows 0, —1, —1, —2, —2, —4, which also does not correspond to a cuspidal unipotent 
formal degree. Hence there is no solution rA_,A+ of (6.2) with A_ of type (d) and A+ of 
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type (e) either. 

We have finally checked all possibilities, which completes the proof of Theorem 1.6(a),(b) 
for symplectic and even orthogonal groups. Together with the results of Subsection 6.4 
and Subsection 6.5 we have now finally completed the proof of Theorem 1.6(a),(b). 

6.6.2. Proof of Theorem 1.6(c), (d). Recall that we are considering Gqs of type PCSp2„ 
(type III), P(C02„) or P((C02„_,_2)’^) (these two of type IV). Recall also that 9 denotes 
the diagram automorphism induced by the action of the Frobenius element on G. The 
spectral covering maps (Gqs) ^ Cn((5_, (5+)[g] with (5_,5+) = (0,1), (0,0), (1,1) are 
given by degree two coverings in the first two cases, and is an isomorphism in the last case. 

For G = PCSp2„, the group Q, = Idad is equal to G2 = {l,/o} and 9 = 1. For 
G = P(C02„) we use the notation 11 = {1, p,r],r]p}, which is isomorphic to G2 x G2 
if n is even, and to G4 of n is odd. For this split group we obviously have 9 = 1. For 
G = P((C02„+2)°)) ^ is the nontrivial finite type D„ subdiagram automorphism of order 
two. We take rj and p such that: p is 0-invariant, and [p, 9\ = [pp, 9] = p. Then = 1 
if n is even, and p^ = p \s n \s odd. Thus for G = P((C02„+2)°) have = {l,r/} 
and 11/(1 — 0)11 = {l,p}. 

Remark 6.5. Let H* = {1,6,7,67} he the dual group of Pi = {1, p,p,ppf, where e{p) = 
i"', e{p) = —1, and p{p) = —1 and 7(7) = 1. Then the relevant groups of spectral 
diagram automorphisms Tgpec = i^ad)* given by: G2 = {1,7} for G = PCSp2„; 
{1,6,7,67} for G = P(C09„) (where for n even we have = 1, and for n odd we have 

} = fZ, C, = {i/j flfaP P((co;„,,)»). 

As discussed above, we may associate a unique unramified discrete local Langlands 
parameter [Aad] to a pair (A_, A+), via the correspondence discussed in Remark 1.10 and 
above in Subsection 6.4. 

Given a type X G {III, IV, V, IV} and a pair of nonnegative integers {a, 6} (sub¬ 
ject to requirements we will make explicitly below) we can associate a conjugacy class 
of maximal parahoric subgroups of a well defined inner form G“ of Gqs (with 
u G H^{k,G) ~ 11/(1 — 0)11) supporting a cuspidal unipotent character. The conju¬ 
gacy classes of such maximal parahoric subgroups of Gqs are represented by the 
diagram of an apartment of the building of G = G(Rr), with a maximal proper subdi¬ 
agram of boxed vertices which forms the complement of a 0.u-orbit, where the boxed 
subdiagram (with Frobenius acting via 9.u) is the root diagram of a finite group of Lie 
type supporting a cuspidal unipotent character. 

(i) Firstly look at G = PCSp2„ (here n > 2). In this case, for n = 1, the parahoric 
subgroup P™ corrsponds to a maximal proper subdiagram of the affine Dynkin diagram 
of Gqs with two (possibly empty) components, of type 0^2^^ and type 0^2We define 
{m_, m+} by {1 -|- 2a, 1 -|- 25} = {m+ -|- m_, |m+ — m_|} and obtain via Theorem 1.6(b) 
the corresponding residue point r := where A_ is of type Corollary 5.14(b) and 

A+ is of type Corollary 5.14(c). We see that (ll^){t/pr = G2 unless m_ = 0, in which 
case (ll^){i/(,r = 1- On the other hand, we have 11^’'^“’*' = 1 unless a = b, in which case 
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This proves the desired result for tt = 1. 

Next, assume that we take unipotent cuspidal pairs of the inner form dehned u = p. 
Then we are considering of type ^ and a component of type P^[ap+a)/ 2 -i (q^) 

This determines m± by the rule {1/2 + a, 1 + 26} = {m^ + m_, |m+ — m_|}. We obtain 
a residual point r = r(;^_ where X± are both of type Corollary 5.14(a), of length 
l± '■= K±- Observe that if P^^, supports a cuspidal character then clearly n > 2, hence 
|A_| + |A+| > 7, and I- + 1+ >3 (the smallest solution is n = 3, with A_ = [1,5] and 

A+ = [1]). 

Here we always have = C 2 = {l,/o}, hence we have two such cuspidal 

characters. On the other hand, = C 2 unless m_ = 1/4 (which holds if and only 

if A_ is the zero partition, in this situation). If A_ 7^ 0, the centralizer group is a 

group^ of type 2(^-+0-3)+2^ according to [Op3, Proposition 4.8]. Hence if A_ ^ 0, there 
are two representations of of dimension restrict to p times the 

identity on ~ (0/(1 — 0)0)*, and these two “extra special” cuspidal local systems 
correspond to the two cuspidal characters. But if A_ = 0, we have (0^){^;^^^ = 1. 

Now ^[A„d] ^ group of type 2^+“^)+^, which has one representation of dimension 

2 (C-i )/2 which corresponds to a cuspidal local system. We then have two Langlands 
parameters [A^rf] and [A(j^] over [A^c] (a single (0®)*-orbit), each of which accommodates 
one of the two cuspidal characters. This completes the proof for G = PCSp2„. 

(ii) Now we turn to consider the split group G = P(C02„), with n > 4. In this case 
we have = H = 11/(1 — 0)11 because of splitness. 

First we consider u = 1. Then the subdiagram of the affine Dynkin diagram of 
Gqs corresponding to is a maximal proper subdiagram with two (possibly empty) 
components, of type D^2 and type 0^2, with a,6 G 2Z>o. Hence equals G 2 , ex¬ 
cept when a = 0 or 6 = 0 in which case = 1, or when a = 6, in which case 

= C 2 y- C 2 (this last case can occur only if n is even). We dehne 
by {2a, 26} = {m+ + m_, |m+ — m_j} and obtain via Theorem 1.6(b) the correspond¬ 
ing residue point r := r(A_ a+)) where X± is of type Corollary 5.14(b). We see that 
= G 2 unless m_ = 0, in which case (ll^){^/(jj. = 1, or m_ = m_|_, in which case 
(H®){^^^ = H*. Hence in all these cases we have the equality (ll^){i/or ~ (11^/11®’'''“’'’)*. 
Also, in each such case has one cuspidal local system (corresponding to a pair of 

Lusztig-Shoji symbols each with one empty row). This proves the result for u = l. 

Now consider the inner form determined hy u = p. We are considering P^^ whose 
corresponding subdiagram of the affine Dynkin diagram of Gqs is a maximal proper 

^By a group of type we mean the restriction of scalars group defined over Fq, whose group 

of Fq-points is the group Sp 2 ((, 2 ^ 5 ) (Fq 2 ). The boxed subdiagram of this group consists of two isomorphic 
components which are interchanged by p. 

^Here we use the notation (cf. [Op3, Proposition 4.8]) to indicate an extra special 2-group 

of cardinality with representations of dimension 1, and 2*’~^ irreducible representations 

of dimension 2“. 
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subdiagram with two (possibly empty) components, of type 0^2 and type 0 ^ 2 , with 
a, 6 € 2Z>o + 1. Hence equals C 2 , except when a = 6, in which case = 

C 2 X C 2 (indeed, this can occur only if n is even). We dehne {m_,m+} by {2a, 26} = 
{m+ + m_, |m+ — m_|} and obtain via Theorem 1.6(b) the corresponding residue point 
r := where X± is of type Corollary 5.14(b). We see that = C 2 unless 

m_ = 0, in which case = 1- Hence in all these cases we also have the equality 

= (n^/n^’'^“’'’)*. Again, in each such case has one cuspidal local system 

(corresponding to a pair of Lusztig-Shoji symbols in the sense of Slooten [Slo] each with 
one empty row). This proves the result for u = rj. 

Finally, let us consider the inner forms with u = p 01 u = rjp (the extra special 
cases). We treat u = p (the case u = pp gives completely similar results). Then we are 
considering with one (possibly empty) component of type^ D^ 2 [g^] and a (possibly 
empty) component of type ^A(q2_,_q)/2-i( 9^)- Then equals 11, unless n is even and 

6 = 0, in which case = {1,7/} = C 2 . 

We dehne {m_, 777 +} by {1/2 + a, 26} = { 777 + + m,-, I 777 + — 777_|}. Observe that there 
are in total 77 + 1 nodes in the affine Dynkin diagram of G = P(C02„). In order to 
obtain the rank 0 affine Hecke algebra, we choose 77 — 1 nodes by taking two type Dj ,2 [q‘^] 
components and one type ^A(Q2_|_a)/2-i(9^) component. Thus 77 —1 = 26^ + (a^ + a)/2 —1. 
Recall that for n even, we have 6 even and hence a = 0, 3 (mod 4); while for n odd, we 
have 6 odd and hence a = 1, 2 (mod 4). This implies that € 2Z. 

We obtain via Theorem 1.6(b) the corresponding residue point r := r(;,_ where 
\± is of type Corollary 5.14(a). Recall that the length l± of the partition X± equals k±, 
hence the lengths l± are both even. We see that (ll^){t/pr = C 2 except when rri- = 1/4 
(which is equivalent to A_ = 0), in which case (ll^){i/(,r = 1, or when ni- = 777 +, in which 
case 

Q pVI 

If A_ = 0 then 11 ’ = H. We have 4 Ho-orbits of Langlands parameters [Aa^] 

above A^c, which form 1 ll*-orbit. In this case, is of type 2 iH- 2 )+ 2 ^ which carries 

1 cuspidal local systems restricting to p times the identity on ~ H* (and also one 
which restricts to pp times the identity). Together these correspond to the 4 cuspidal 
characters of this type. Indeed, the number of cuspidal characters supported by Pj} 
equals 4 (one orbit under (H®)* = H*). 

If A_ 7 ^ 0, and m_ 7 ^ m+, then = Q and we again have 4 cuspidal characters 

with the same formal degree of this inner form. By Theorem 1.6(b), they correspond 
to two VFo-orbits IFo^(a_,a+) and where A_ A+. Now [Op3, Proposition 

4.14] implies that ^[a^^] is of type 2(^-+H-4)+3^ each orbit of Langlands parameters 
carries 2 cuspidal local systems which restrict to p times the identity on ^Z. 

Last, if 777- = 777 + then n is even, and H = 6 * 2 , and carries 2 cuspidal char¬ 
acters in this case. On the other hand, now (ll^){^/(jr ~ and we have one orbit of 

®By a group of type Dj,2 [q^] we mean the restriction of scalars group defined over Fq, whose group of 
Fq-points is the group S02(,2 (Fq2) if n is even or 80252 (Fq2) if n is odd. The boxed subdiagram of this 
group consists of two isomorphic components which are interchanged by p. 
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Langlands parameter [Aq^] with of typo 2^^^+ ‘^)+3, This has 2 irreducible repre¬ 

sentations which restrict to p times the identity on ^Z. 

This finishes the proof for G = P(C02„). 

(hi) Finally consider G = P(CO*)2„_,_2, with n > 3. We have = 

{l,e}) and f2/(l — 0)Q = {l,p}. 

We start with n = 1. The parahoric subgroup corresponds to a maximal proper 
subdiagram of the affine Dynkin diagram of Gqs consisting with two (possibly empty) 
components, of type 0^2 and type D^2, where the integers a is even and b is odd, such 
that a‘^+b‘^ = n-|-l. Hence equals G 2 , except when a = 0 in which case = 1. 

We define by {2a, 26} = {m_|_ -|- m_, |m_|_ — m_|} and obtain via Theorem 

1.6(b) the corresponding residue point r := where \± is of type Corollary 

5.14(b). We see that (fl^){i/(,i. = 1 unless 171— — 111'+? in which case (Al^){vor — ^2* fn 
all these cases we have the equality Also, in each such case 

cuspidal local system (corresponding to a pair of Lusztig-Shoji symbols 
each with one empty row). This proves the result for u = 1. 

Now consider the inner form with u = J) (the extra special cases). Then we are 

considering P^}, maximal proper with one (possibly empty) component of type D(,2[g^] 
and one (possibly empty) component of type ^A(a/2)(a+i)-i The group equals 

= (rj) of order two; unless n is even and 6 = 0, in which case = x. 

We define {m_, m+j by {1/2 -|- a, 26} = {m+ -|- m_, |m+ — m_|}. This time there are 

in total n + 2 nodes in the affine Dynkin diagram of G = P(CO*)2„_|_2- Thus this time 
we see that k± are always odd. Via Theorem 1.6(b) we obtain the corresponding residue 
point r := where A± are of type (a) in Corollary 5.14, both of odd length l±. 

Also, (D^){^^, = 1, except when m_ = m_|_, where ~ C2. Therefore, we see that 

the index : (Al^/Al^Ta,b)*j = 1 in all cases. 

Q pVI 

If rri- 7^ m+, then D ’ “■'> = {rf) is of order two, and there are two cuspidal characters 
with the same formal degree of this inner form. By Theorem 1.6(b) these correspond to 
ATor(A_,A+) and ITor(A+,A-)’ ^ -^+- ^[Kd] ^ype 2(^-+G-2)+i^ hence 

both these orbits of Langlands parameters carry one cuspidal local system which restricts 
to p times the identity on^Z. 

If m_ = m+ then n is even, and A2 ’ “•<’ is trivial. Hence P/} carries one cuspidal 
character in this case. On the other hand, (Al®)}^/^^^. = (Al^)*, and there is one orbit of 
Langlands parameter [Aad] with of type 204-2)+i_ This again has one irreducible 

representation which restrict to p times the identity on ^Z. This finishes the discussion 
for u = p, and hence finishes the proof of the result for G = P(CO*)2„_|_2. 

We thus completed the proof of Theorem 1.6, finally, completely. □ 
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